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Get roots using coefficients :

If axi+bx +c = 0

then X=b 4a)
2a

Eroof : Complete the square.

Get crefficients using roofs :

If v, 2, are two roofs of a (monic) gudratic f
then f= (x -r.)(X-re) = X2-kxH)

-

2. Symmetric polynomials.

Let fEK(X , y) ,
then f is symnetic if

f(x,y) = f(y ,x) .

Let fE[X, , . . ..Xu] then f is symmetric if
fx , , . . .,Xn) = f (a permutation of X, ....Xn)

for any permutation.

Ex elementary symmetric polynomials.
2,

= X, +
... +Xn



2
c = X,X2+ X,X +... +X

, Xn

+ X2xz + ... +X2Xn
+...

+.. - + Xn-1Xn

Cj = 2
knicins ...zijn

Xi , - ... Xij degree j.
for 13j .U.

Theorem Fundamental theorem of symmetric polynomials
Let fe[X

, , . . .,Xn] be symmetric. Then
· E gelle , . .. .. en]

· such that

f(x-.. . .,Xn)

It

g(e,(x, ,. .
., Xu), . . . .

, en(x. . ..,Xn)
i
.

e. any sym. poly is a polynomial combination
of the elem. sym , poly.

Proof Observation :

Iffhus a term X,

then it must have X, ,X.. ...Xn by symmetry.
The set Ex, , . ... Xu] is called the orbit

of permutations of the X, term.

Xis called a representative of this orbit.
The polynomial f is the sum of finitely many orbits.
If S is an orbt.



we can order monomials in S by

Lexicographic order and take the first item
to be the representatives .

I tGabba,c,-

Representative

If s :XX ...x is a representative
for some a, 3923 ...An0.

then Let bn =An
, bn-1 = any-an,

bnz: An-y-Any,...., b= a
, - a

Consider 5 = e2 ... en
-m> a,

=2
, ac= 1, as : /

I
e.g.

- b. = 1
, be=0

, by : / Iebeebs = (ath+c) abc = ab+ab+abc.
-

Say the coefficient of s inf is a
,
and we

takes to be the rep of the orbit with

highest lex. order. then
all terms of f-as has lower lex. order

than s.

Finally, note that 5 is a poly expression of e,,..... en

so it suffices to repeat the process for f-us.



Question What do you use to "repent the process"?

Why does the process terminate ?

3. Monodomy
Consider X3 + a,

x+ a2x + as = 0
.

Say withroofs VI,U2
,

Us
.

Then a, az, as are symmetric polynomials of r
, ra, is

as seen before.
=> You can never distinguish 2.. r2, is by

just taking polynomials in 1 , 92 , As.

How didwe resolve this for gudraties ?
Consider #J (bad notation

iIR

T
T



O is aramified point for square roofs.

· only one square roof.

If you loop a non-zero value

around O
,
the two square roofs

get swapped.

For is the mothroot , wrapping around

rotates the roots (cyclic monodromy)
Rotation

A bud permutation

#
not all permutations can be achieved by this.

The permutations achieved are culled monodromy action

4 Monodromy of quintics.
We saw X-> [m-th roofs of x3

has a monodromy of rotation when x loops
around the origin

Now consider



(90 ,
91,92, 93 ,94)

&the 5 roofs of x5+axx*+a3x3+a,x+a ,
x + 103

In general , the RHS has 5 roofs.

but for some (90 ,a. .. . ., 94) EC5
there are repeated roots.
Such points are varification points.

I
Ex Let f= (x-1)(x-2)(X-3)(X-4)

.Theorientsgara.
Wrapping around a collection of vanifiedpoints

will induce a permutation on the 5 roots
-

Like before monodromy

#Wrappingaround - will swap two roofs. (
Fact· All permutations of 5 roofs can be

achieved as monoromy
.

· Not all permutations can be "achieved"by
cycle monodromy
.

More precisely : permutation groupSo is not solvable.



If we have aformula of roofs in term

of coefficients

= EFac gadratic
monoromy : S2

X =s+...
cubic

monodromy : S3
X = crazy expression quartic

monodromy =St

quintic
X = ? monodromy =?

Since St can not be built up by cyclic monochromy,
there can not exit a quintis formula

involving only coefficients and taking moth roofs.


