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1. INTRODUCTION

Through out this note we will denote R = k[z1, ..., z,] where k is a field. By a basis of an ideal,
we mean a generating set of the ideal (not necessarily independent).
Given an ideal I = (f1, ..., fmm) of R, consider the following problems:

Question 1.1 (Division and ideal membership problem). Given f € R, determine if f € I. If not,
express the image of f in R/I in terms of a basis for the vector space R/I over k.

Question 1.2 (The problem of solving polynomial equations). Find solutions in k™ of the equations

fixy, ey xn) = oo = f(x1, 0y x) =0
namely compute the variety V(I).

When there is only one variable, problem (1) can be solved using Euclid’s algorithm, which
computes the unique monic generator g of the ideal I = (fi(z), ..., fm(z)). We can write f = gg+r
using division algorithm, where r is the remainder, namely the image of f in R/I, expressed in the
basis {1, z, ...,2%8@)~11 When the polynomials fi,..., f, are linear, problem (2) is solved using
Gaussian elimination that reduces the matrix for the system of equations into row echelon form.

We shall try to generalize the division algorithm with the idea of ”initial ideals”. During which
we will be able to define the Grobner basis. We will then discuss its properties and relations to the
above problems. We will see how to find such a basis and its applications in solving question 1.2.

2. MONOMIAL ORDERINGS

Both Euclid’s algorithm and Gaussian elimination take in I = (f1, ..., fi,) and outputs a gener-
ating set for the ideal that is simpler to deal with. Observe that in each step, we are reducing the
polynomias with respect to some ordering of the terms.

Euclid’s algorithm uses division to find the greatest common denominator, where the degree of
the polynomial is reduced. This uses the ordering

l<z<a®<..



Gaussian elimination eliminates the number of variables, namely a system of linear equations in
echelon form satisfies that the i-th equation does not contain the terms x1, ..., z;—1. This corresponds
to the ordering
Tp < Tpo1 < ...< 1
In general we can define similar orderings on all monomials of R.

an .

Definition 2.1. A monomial order is a total order > on the set of monomials in {z%* = z{*...z%

a=(ay,...,an) € N*} C R such that for multi-indices «, 3,7,
(1) 2@ < 28 = 207 < 2P+
(2) 1 <z for all a # (0, ...,0).

From the conditions we see if z® is divisible by 2?, then z® > 2 as a result of z*# > 1. This
shows that the a monomial order > is a well-ordering:

Lemma 2.2 (Eis, Lemma 15.2). Given any monomial order, every set of monomials have a least
element.

Proof. Let X be a set of monomials. Since R is Noetherian, the ideal generated by X is generated
by a finite subset Y C X. Then every element in X is a multiple of some element in Y. So each
element in X is greater than or equal to some element in Y. Hence the least element of X would
be the least element of the finite set Y. O

Ezample 2.3 (Lexicographic ordering). x® > x if and only if the first non-zero entry of o — 3 is
positive. This is the order by index when the polynomials are linear. o

Ezample 2.4 (Degree lexicographic ordering). x® > z? if and only if degz® > dega?® or dega® =
deg 2® and the first non-zero entry of o — 3 is positive. This is the order by degree when there is
only one variable. S

Ezample 2.5 (Reverse lexicographic ordering). x® > x? if and only if degz® > deg2® or degz® =
deg z? and the last non-zero entry of a — 3 is positive. This ordering favours larger total degree,
but when total degree is equal, it favours smaller power on the rightmost variable. o

Ideals generated by monomials are called monomial ideals. Similar to homogeneous ideals
in a graded ring, working with monomial ideals simplifies many problems. For example, ™ is a
member of the ideal I = (', ...,2%") if and only if z® = ), fiz® for some f; € R, and by
comparing coefficients we see this holds if and only if z® is divisible by some x®; similarly, an
arbitrary polynomial f is a member of I if and only if each term of f is divisible by some z [Cox,
Lemma 4.2.3]. Finding greatest common divisors and least common multiples for monomials is also
trivialized to . .

GCD(z?, 2°) = xllnm(al”gl)...xi{“n(o‘"’ﬁ")

LCM(z“, mﬁ) = mrlnax(al’ﬁl)...a:?ax(a”’ﬂ”)
To describe a division algorithm on R, we use the following terminology:

Definition 2.6. Let > be a monomial order and f € R. The initial term of f, written as ins (f)
or in(f) (when the order is clear), is the greatest term of f with respect to >. The initial ideal
of an ideal I is the ideal generated by all initial terms of elements in I:

in> (I) = (in>(f) : f € 1)

When working with monomials, since k is a field, scalar multiples do not affect the ideals they
generate. Sometimes we will apply definitions or results to monomials that are not monic, this
would be interpreted as first multiplying a scalar to cancel the coefficient, and then apply the
results.



Theorem 2.7 (Division Algorithm). Let > be a monomial order and let fi, ..., fs € R. Then every
f € R can be written in form

f=afi+..+afs+r
where q;,vr € R and either r = 0 or r is a linear combination of monomials that are not in
(in(f1),...,in(fs)). Furthermore, for each i,

in(f) > in(q: f;)

Proof. We begin by setting p = f and ¢1 = ... = g5 = r = 0, and repeat the following steps until
p=0:
(1) If some in(f;) divides in(p), then subtract ii:((?)) fi from p and add iirrll((?)) to ¢;.

(2) If no in(f;) divides in(p), then subtract in(p) from p and add it to r.
First we show that the algorithm terminates. Suppose we performed step (1), setting p to be

’_ 7in(p) ‘
p=p in(fi)fz

Observe that the initial term of iinn((]?)) fi is the same as the initial term of p, and it will be cancelled

out in the difference. Thus the initial term of the new value of p is strictly smaller. Suppose we
performed step (2), then we also see that the initial term of p become strictly smaller.

By Lemma 2.2, a decreasing chain of initial terms would eventually stabilize after finitely many
steps, which means that we would not be able to perform either step (1) or (2). Thus we reach the
case p = 0 and the algorithm terminates.

It remains to show the algorithm outputs the required polynomials. During each step, the
following holds

f=ah+..+aq¢fs+p+r
because the changes on the right hand side cancel out. Note that in each step, the initial term of

p is at most the initial term of f. As a result, terms added to ¢; satisfy in(f) > in (ii::((;’v)) fi), SO
in(f) > in(g;f;). At the end of the algorithm, we have p = 0 and terms are added to r only if they

are not divisible by any in(f;), so the final expression
f=aqfi+..+qfs+r
satisfies the requirements. ]

Note that for an ideal I = (fi, ..., fs), the ideals (in(f1), ...,in(fs)) and in(/) may be different, as
seen in the following example.

Ezample 2.8. Let I = (xy,y? — x), then
y-(zy)—z- (P —x)=a" €l
Using degree lexicographic ordering, we have 22 € in(I). But
(in(zy), in(y? — 2) = (29,7)
does not contain 2. o

When the ideals (in(fy), ..., in(fs)) and in(1) are the same, the remainder in the division algorithm
is expressed in a basis for R/I by the following theorem, thus giving us an answer to Question 1.1.
In particular, f is inside I if and only if the remainder is 0. We shall see later that such a basis
fi,..., fs for I always exists, and is called a Grobner basis.

Theorem 2.9 (Macaulay’s Theorem [Eis, Thm 15.3]). Let I be any ideal of R, for any monomial
order >, the set B of all monomials not in in(I) form a basis for R/I.



Proof. Suppose B is not linearly independent. Let ), u;z® € I be a non-trivial linear relation
where 0 # u; € k, 2% € B. Say w;z® is the initial term of this expression, then 2% ¢ in([),
contraidtcting the definition of B.

Suppose B does not span R/I. By Lemma 2.2 there is an element f with minimal initial term
such that f + I is not in the span of B. If in(f) € B, then subtracting in(f) gives an element with
smaller initial term, whose image is also not in the span of B, contradicting the minimality of f.
If in(f) ¢ B, so in(f) € in(). Say in(f) = in(g) for some g € I. Then f — ¢ has the same image
in R/I as f, but with a smaller initial term, again contradicting minimality of f. O

3. GROBNER BASIS

Theorem 3.1 (Dickson’s Lemma, [Cox, Theorem 2.4.5]). Let I = (z® : o € A) be a monomial
ideal. Then I = (z',...,x%) for some ay,...,as € A.

Proof. When n =1, A C N, so we can take its least element o and then I = ().
Suppose for an induction that the theorem is true for n — 1. Let

J=@P: 8= (a1),..,a(n—1)),a € A) Cklxy,..., tn1]

By induction hypothesis J is generated by finitely many £’s, say J = (27, ...,2%). For each
i, we can find some a; € A such that o = (8, ai(n)). Take m = max;{a;(n)}, and for each
0 < j <m—1, define ideals
Jj = <$ﬁ 1B = (04(1), eo(n — 1))7a € A,a(n) = ]>
i ()

Now by induction hypothesis again, J; = <:c5§]), o 2% ). Now foreach a € A, let § = (a(1), ..., a(n—
1)). Then 2? € J and is a multiple of 2% for some i. If a(n) > m > a;(n), then 2* would be a
multiple of z%. If a(n) < m — 1, then 2 € Jo(ny and is a multiple of x55a<"))x%(”). Therefore I is
generated by a subset of the finite set

m—1
o @ 5
{z%:i=1,..,t} U U {:1:'81'J xfi=1,..,t}CI
j=0
and the powers on z are indeed a subset of A, finishing the induction. O

Note that in(I) is a monomial ideal, so applying Dickson’s lemma yields the following corollary

Corollary 3.2. Let I C R be a non-zero ideal. in(I) has a finite basis of form {in(g1), ...,in(g¢)}
for some g1,...,9: € I.

Something interesting to note is that given a finite basis for a monomial ideal I, if any element
is divisible by another, we can remove it and obtain a smaller basis. Repeating this process we get
a basis whose elements do not divide each other. Such a ”minimal” basis of (monic) monomials is
unique because given two such bases A and B, each element in A would be divisible by an element
in B and vise versa, giving us A C B and B C A.

Theorem 3.3 (Grobner basis theorem [Cox, Thm 2.5.4]). Let I C R be an ideal. Then I =
(915 -y 9t) for gi,...,q¢ € I from the previous Corollary.

Proof. Say I is non-zero. Pick any monomial order. By the previous corollary, we can write
in(I) = (in(g1), ..., in(g¢)) for some gy, ..., g: € I. We shall proceed to show that I = (g1, ..., g:).
Let f € I, apply division algorithm and get

f=qa+ ... +qg+r



where either the monomials in r is not divisible by any in(g;) or » = 0. However r = f —q191 — ... —
qtg € I implies in(r) € in(I) = (in(g1), ..., in(g¢)), which means in(r) is divisible by some in(g;), so
we must be in the case r = 0 and f € (g1, ..., gt)- O

Definition 3.4. Let > be a monomial order and I C R. A Grobner basis of I with respect to >
is a finite set of elements g1, ..., g: € I such that

in(1) = (in(g1), ---, in(ge))

We know from the previous theorem that a Grobner basis for I is a basis for I. Recall from last
section that such a basis gives a solution to Question 1.1 when used with division algorithm. By
Dickson’s lemma, such a basis always exists. Although the proof of Dickson’s lemma is technically
constructive, it is too complicated practically. To fully answer Question 1.1, we shall develop an
algorithm to compute for a Grobner basis in the next section.

4. BUCHBERGER’S CRITERION AND ALGORITHM

Macaulay’s Theorem shows that when dividing using a Grébner basis, the remainder is always
unique, but in general, the remainder from division algorithm depends on the choice of i in step
(1) (as in the proof of Theorem 2.8). We shall make this process determinate by taking i to be
maximal. This requires us to treat the set {f1,..., fs} as an ordered s-tuple.

Definition 4.1. Write 7F for the unique remainder from the determinate division algorithm, when
dividing f by ordered s-tuple F' = (f1, ..., fs)-

Definition 4.2. Let 0 # f, g € R be polynomials. The S-polynomial of f and g is

S(f,g) = LCM(E((J})), in(9)) ; LCM(iiI;((_Z)), in(g) . g

lcmc(caz,y)x . lcm(:c,y)y

Similar to two integers x,y satisfy the relation = 0, the S-polynomials are
constructed to match the initial terms of f and g and subtract them, so that the initial terms
cancel out. In particular,

(+) in(S(f,g)) < in (LCM@;((J;)), in(g)) f>

With these notations, we can state Buchberger’s Criterion for when a basis is a Grobner basis.

Theorem 4.3 (Buchberger’s Criterion). Let I C R be an ideal. A basis G = {g1,...,9:} C I is a
Grabner basis if and only if for all pairs © # j, we can view G as an ordered t-tuple in some order,

and have
—G
S(gi,95) =0

Before giving the proof, we shall first show a useful property of S-polynomials which will be an

essential step of the proof.

Lemma 4.4. Suppose we have a sum Zlepi where the initial terms of p; differ only by scalars.
Ifin (Zlepi) < in(p;), then Zle pi s a linear combination of S(p1,p;) with coefficients in k.

Proof. Since all p; have the same initial term and in (25:1 pi) < in(p;) suggests that the initial
term gets canceled, let d; be the leading coefficient of p;, we must have Zle d; = 0. Observe that

LCM(in(p;), in(p;)) 1

in(p;) d;



So

Now

j=2
t d t
_ 1 .
_Zp] + d—lpl, since Zdj =0
7j=2 Jj=1
t
=2_pi
i=1

0

proof of Buchberger’s Criterion. Let G = {g1, ..., g+} be a basis of I. Suppose G is a Groébner basis.

—G
Since S(gi,9;) € I, by the division algorithm we automatically have S(g;,g;) = 0.
Conversely, suppose all S(g;, g;) have remainder 0. Suppose for a contradiction that G is not a
Grébner basis. Then there exists some expression

t
f:quguEI

u=1

such that in(f) ¢ (in(¢g1), ...,in(g¢)). Let m = max(in(f,g,)). By Lemma 2.2 we may assume that
this expression for f is chosen so that m is as small as possible. If m = in(f) (up to a scalar
mutiple), then in(f) = in(f,g,) for some v, and it follows in(g,) divides in(f), which contradicts
out assumption. Thus m > in(f).

Rearrange the summands so that the first ¢ of them have initial terms are scalar multiples of m.
We have

f:qugu = vagv“‘ qugu

v<t/ u>t’
= E in(fv)gv + g (fv - in(fv)).qy + E Jugu
v v u>t
—_——
initial term of each summand is scalar multiple of m their initial terms are strictly less than m

Our goal is to replace these summands by something smaller, thus finding another expression of
f with a smaller m and contradicting its minimality. Since m > in(f), the initial terms (scalar
multiples of m) in the above sum must cancel out, meaning

in (Z in(fv)gv> <m

v

Let p, = in(f,)gv, then in(p,) are scalar multiples of m for all v € V| and we can apply Lemma
4.4 to get

> imn(fo)ge = Y auS(p1.pu)

2



for some scalars a,. Let d, be the leading coefficient of p,,, then

1 1
S(p1,pw) =g P
1 1
:ain(fl)gl - jvin(fv)gv

Note that this expression is very similar to the S-polynomial, namely it matches the initial terms
of g1, g, by multiplying monomials (in this case d—llin( f1) and %in( fv)) and subtracts them. The only
difference is that we are matching the initial polynomials to m in this case instead of LCM(in(¢1), in(gy)),
therefore we observe

m
LCM(in(g1),in(gy

Recall our assumption that S(g;,g;) has remainder 0 when divide by G for all i, 7, so division
algorithm gives

S(plapv) = ))S(glvgv) = mvS(glagv)

t

S(g1,90) = Y £V gu where in(£{"gu) < in(S(g1, g0))

u=1

Now equation (x) from Definition 4.2 says

n(S(a1,) <o

LCM(in(g1), in(gv)) )

- g1
in(g1)

Therefore for each wu,

in(mvfl(f)gu) <in(myS(g1,90)) < in (in(n;l)gl) =m

Finally, we have the expression

f= Zln fo gv‘i'z —in fv gv‘i'z.fugu

u>t

_Zzavmvf gu+z —in fv gv+2fugu

v=1u=1 u>t

where each term of the summand has initial term strictly less than m, giving us the desired con-
tradiction. O

Theorem 4.5 (Buchberger’s Algorithm, [Eis 15.9]). Let F' = {f1,..., ft} C I be a basis for I. A
Grobner basis can be constructed using the following algorithm:

If all the S(f;, fj)F = 0, then they form a Grébner basis. If it is non-zero for some 1,3, add it
to the set I' and repeat.

Proof. The correctness follows from Buchberger’s criterion. To show that it terminates, recall from
division algorithm that if in(S( f;, f])F) # 0, then (in(f1), ..., in(f¢), in(S(fi, fJ)F)) is a strictly larger
ideal than (in(f1),...,in(f)), and will eventually be equal to in([/) since it is Noetherian.

([l

5. APPLICATIONS OF GROBNER BASIS

Given a system of polynomials in k[x,y], we could try to take linear combinations of the
polynomials to get a polynomial in k[z], then solve the one variable polynomial and substi-
tute the solution for z into the other polynomials to solve for y. More generally, given ideal
I C8S =kEkxi,..Tp, Y1,y Ym], we would like to find J = I N R = INk[z1,...,x,). This can be



computed easily using Grobner basis, with respect to an elimination order (with respect to
the variables yi, ...,y ), that is an order on S satisfying

if f € S andin(f) € R, then f € R
The lexicographic ordering (considering y > x) is one such order.

Proposition 5.1 (Eis, Prop 15.29). Let > be an elimination order on S. Let I be an ideal of S.
If g1, ..., g+ is a Grobner basis for I and g, ..., gy are those that do not involve the variables y;, then
1y .evy Gu 18 a Grobner basis in R for J =1N R.

Proof. Let z* € in(J) C in(/) be a monomial. Then z® is a multiple of in- (g;) for some ¢ since
g1, ..., gt is a Grobner basis. Since x* € R and > is an elimination order, we must have ¢ < u. Thus

in(J) C (in(g1), .., in(gu))

The other inclusion follows from that g1, ..., g, € I N R = J. Therefore in(J) = (in(g1), ..., in(gu))-
Thus by definition 3.4 g1, ..., g, is a Grobner basis for J. g

Now given an ideal I C k[z1, ..., z,], we can find V(I) by first finding I; = I N k[x;], solve and
substitute into Iy = I'Nk[x1, 22], and so on. Note that this way each point in V' (I;) can be extended
to a point in V(I;) for j > 4. If V(I) is finite, then I; must contain some equation that involves
x;. By the above proposition, if we compute a Grobner basis and order them increasingly with
respect to the lexicographic ordering, then the first few equations will only contain xy, followed
with equations involving only x1,x2, and so on. Computing V' (I) is then simplified to computing
roots for a series of one-variable polynomials.

Exzample 5.2. Find complex roots to the equations
1222 —3y =0
6zy — 10y —3y =0

Solution: Let I = (122% — 3y, 6xy — 10y? — 3y). Using lexicographic ordering with x > y, the
S-polynomial of the basis is

1 1 Sry? 2
S(1222 — 3y, 62y — 10y* — 3y) = —y (1222 — 3y) — —x(6zy — 10y — 3y) = oy + w_v
12 6 3 2 4
Its remainder after division algorithm is
25y%  17y?
2y’ 1Ty
9 12 4
Thus we write , )
25y 17y Y
I =(122% — 3y, 62y — 109> — 3y, —— + —— + =
(1227 = 3y, 6wy —10y" — 3y, —o= + —o-+ )
Solving the cubic equation % + % +4=0givesy=0o0ry= —% + 3i2”01(]11. Substitute back

to the original equations yields

+ v 111 1 111
(2,y) = (0,0) or (2L 5L Siv
40 200 200

)

Ezxample 5.3. Find the defining equation over Q for the algebraic number z satisfying
P42 —ad’z+a=0

where a3 +a—1=0.



Solution: Extend the basis F' = {22 — 2,a® + a — 1, 2% + 22 — a®z + a} to a Grobner basis using
lexicographic ordering with z < a < 2. Then we shall obtain equations that only involve z. From
those equations we can then find the minimal polynomial of z over Q.

o

In general, Proposition 5.1 can be used to compute the closure of the image of an algebraic
variety under a projection:

Lemma 5.4. Let I C k[x1,...,xy,] be an ideal. Let w : k™ — k™ be the projection onto the first m

coordinates. If k is algebraically closed, then V(I N k[x1,...,xm]) is the smallest variety containing
m(V(I)).

Proof. Let X =V (I),J =INk[z1,...,xm]. Observe that (X ) C V(J) since polynomials in J are
those in I that do not involve Zy,41, ..., Zn. So V(I(7(X))) C V(J).

Conversely, suppose f € I(n(X)), then f(aq,...,an) = 0 for all (aq,...,an,) € 7(X). View f as
an element of k[zy, ..., ,] shows that f € I(X) = v/ by Nullstellensatz. So fV € I for some N,
and since f € J, fN € J for some N and f € v/J. Hence I(n(X)) C v/J and

V(I(r(X)) 2 V(VJ)=V(J)
O

As a result of Macaulay’s Theorem, one can also compute the number of roots when the variety
has dimension 0 (finite) using a Grobner basis. We state the following Theorem as a fact:

Theorem 5.5 (Affine Bézout’s inequality). Let I be an ideal of R. If V(I) is finite, then |V (I)| <
dimg(R/I). When k is algebraically closed, |V (I)| = dimg(R/I) if and only if I is radical.
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