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ABSTRACT. Consider the toric surface S = C? acted on by the torus To = (C*)%. Let Quotg(E, n) be
the Quot scheme of length n quotients of the T; = (C*)V-equivariant bundle E = CY ®0s. Fora T =
Tox Ti-equivariant K-theory class o € K7(S), we prove universal series expressions for the equivariant

Segre numbers f[QuotS(E s s(a!™) and equivariant Verlinde numbers x"" (Quotg(E,n), det(al™)).

Using these expressions we conclude a correspondence between the Segre and Verlinde series. When
a = C" ® Og, we also prove a weak symmetry in E and V. Some of the universal series shall
be computed using the method of Géttsche-Mellit, which was originally developed for non-virtual
invariants. When Tg is the 1 dimensional torus {(t1,t2) : tit2 = 1}, the toric surface S = C?
becomes K-trivial. We define reduced versions of the Segre and Verlinde invariants and prove a
correspondence in this case. For X = C* a toric Calabi-Yau 4-fold, we discuss the analogues of these
invariants and generalize Cao-Kool-Monavari’s cohomological limits on Hilbert schemes to Quot
schemes. The Segre-Verlinde correspondence and weak symmetry are conjectured for the X = C*
case, as well as some vanishings of the Segre and Verlinde series in specific ranks, based on empirical

data.
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1. INTRODUCTION

1.1. Definitions of Segre and Verlinde invariants. Let Y be a smooth quasi-projective variety.
For a torsion-free sheaf F, the Quot scheme Quoty (F,n) parameterizes quotients

EF—»F

such that
rank(F) = 0,¢1(F) =0, x(F) = n.
When Y = C? is a toric surface or Y = C? is a toric Calabi-Yau 4-fold, we shall define equivariant
Segre and Verlinde invariants on these Quot schemes and find relations between them. In the
non-equivariant case where Y is a smooth projective curve, surface or Calabi-Yau 4-fold, such
relations are called Segre-Verlinde correspondence and are studied in [AJL™21, [Boj21b, Boj2Tal,
GM?22, [GK22, [TOP21], MOP21].
For a vector bundle V over Y, the tautological bundle V™ on Quoty (E,n) is

Vit =p(F@qV)

where p : Quoty (E,n) x Y — Quoty (E,n),q: Quoty (E,n) x Y — Y are projections, and F is the
universal quotient sheaf. This extends to the Grothendieck groups and associates each o € K°(Y))
an o™ € K°(Quoty (E,n)). The Segre and Verlinde invariants are defined by integrating or taking
Euler characteristics of various insertions of these tautological bundles.

1.1.1. Invariants on Hilbert schemes of surfaces. Let us begin with the case Y = S a smooth
projective surface and E' = Og. The Quot scheme Quotg(Og,n) is the Hilbert scheme Hilb™(.S)
parametrizing ideal sheaves of 0-dimensional subschemes of Y of length n, which is known to be
smooth projective. For a € K°(S), the Segre and Chern series, first defined by [Tyu94] in the study
of Donaldson invariants, are respectively

I%(a;q) = an/ s(al™),

L.1) —o  JHib™(S)

I(a;q) :== q"/ c(al™).
(59) 7;) Hilb" (S) (o)

These series are related by c(al”) = s(—al™). The Verlinde series is originally defined for moduli
spaces of bundles on curves. Here it is defined by

IY(0;q) =Y ¢"x(Hilb"(S), det(al™)).
n=0

1.1.2. Equivariant invariants on Hilbert schemes of surfaces. Now let S be a toric quasi-projective
surface with an action of T = (C*)2. Details for equivariant cohomology and equivariant integration
are included in Section Here we give a quick summary. Given a T-representation V', define its
equivariant characteristic classes by considering the associated bundle

ET x7V — ET %71 {pt} = BT

and taking its characteristic classes in H*(BT) = H%(pt). Denote ¢',s", e, chr, tdt the equivariant
Chern class, Segre class, Euler class, Chern character, and Todd class respectively. From here
forward, we will always use equivariant classes for toric varieties, and we will omit the torus T from
the notations when it is clear from the context.

The action of T on S lifts to an action of T on Hilb"™(S), giving an equivariant structure to V1"
for any equivariant bundle V on S. For o € K+1(5), the equivariant Chern/Segre series are defined
by , where the integration inlb”( 9) is replaced by equivariant push-forward. The result of the



4
integration lives in the ring of fractions of the equivariant cohomology ring H3(pt), which we denote

H‘T’(pt)loc‘
For oo € K1(S), the equivariant Verlinde series is

V() =Y ¢"x(Hilb"(S), det(al™))
n=0

—3 g / (d(Hilb™ () ch(det ().
=" Juibn(s)

where x is the equivariant Euler characteristic, and the equality follows from the equivariant
Riemann-Roch formula [EG99, Corollary 3.1].

1.1.3. Virtual invariants on Quot schemes. In general, Quot schemes of surfaces and Hilbert schemes
of 3-folds and 4-folds are not smooth, in which case we do not have a fundamental class to integrate
against. One way to resolve this is to work with a virtual fundamental class [Quoty (E,n)]"'.

For a smooth surface S and a torsion free sheaf E, a perfect obstruction theory for Quoty (F,n)
of virtual dimension nN was constructed in [MOPT5| Lemma 1]. To it, one may associate a virtual
fundamental class [Quotg(E,n)]V'" [BE9S, [LT96] and a virtual structure sheaf OV [CFK09]. When
S is compact, the virtual invariants are defined similarly as before, with the usual fundamental
class [Quotg(E,n)] replaced by the virtual class [Quotg(E,n)]V'", and the Euler characteristic x(-)
replaced by the virtual Euler characteristic xV*(-) := x(- ® OF).

Unlike for surfaces and Fano 3-folds, the usual obstruction theory for a Quot scheme of a Calabi-
Yau 4-fold X is not perfect, so the previous method does not induce a virtual fundamental class.
However, using a (—2)-shifted symplectic structure in the sense of [PTVV11], Borisov—Joyce [BJ15]
and Oh-Thomas [OT20] constructed a virtual class [QuotX(E,n)]Z?ﬁ) € Houn(Quoty(E,n),Z).
Here £ denotes the determinant line bundle det R5#omy(Z,Z) on Quoty(E,n) where T is the
universal subsheaf. As indicated by the subscript, this class is dependent on some choice of
orientation o(L), that is a choice of square root of the isomorphism

Q:LOL— OQuotX(E,n)

induced by Serre duality. There is also no canonical virtual structure sheaf, and instead, we have a
“twisted” structure sheaf O". TPe Verlinde numbers are defined via the “untwisted” virtual Euler
characteristic xV"(-) = x(- ® detz ((EY)") ® O'") [Boj21al, Section 1.3].

1.1.4. FEquivariant virtual invariants on Quot schemes. To define equivariant virtual invariants on
Y = C% d = 2,4, we first give Quoty (E,n) some torus action. Let

To = (CYY)(~) = {(t1, . ta) s t,- e ta # 0}/ (~)

act on S = C? naturally by scaling coordinates, where we mod out by the subgroup (~) = (t1tat3ts)
when d = 4. Let T1 = (C*)Y = {(y1,.--,Yn) : i # 0} and E = &Y, Oy (y;) be the T1-equivariant
bundle of rank N with weights y1,...,yn. This induces a Ty x Tj-action on Quoty-(E,n) by acting
on the middle term of the sequence

0—-I—-F—F—0.
Let v € K1,(Y), then we can write
a = [@i2, 0y (vi)] — [8;27,1 Oy (vi)]

where vy, ..., V45 are its To-weights. However, instead of thinking of v; as To-weights, we would
like to view them as generic parameters. Therefore we introduce an additional torus Tg = (C*)"**



acting on C" x C?® respectively. Set T := Ty x T x T2 and denote

KT(pt):Z[t{d, ) td 7yl ,...,yN,Ufl,...,vfﬁs]/(w),
Hi(pt) =C[A1, ..., gsmi,...,mN; W1, ..., Wrts]/(~).

where we quotient by the ideals (~) = (titatsty — 1) and (~) = (A + A2 + A3 + A4) respectively
when d = 4.

Recall that the non-virtual equivariant invariants are defined using equivariant localization.
Similarly, the virtual equivariant invariants for S = C? can be defined using virtual equivariant
localization [GP97, [CFK09]. For toric Calabi-Yau 4-folds, the equivariant Donaldson-Thomas
invariants were first introduced in Cao-Leung [CL14, Section 8]; the K-theoretic invariants were
predicted by Cao-Kool-Monavari [CKM22] and formalized by J. Oh and R. P. Thomas [OT20] using
the twisted virtual structure sheaf and their virtual equivariant localization. The equivariant Segre
and Verlinde numbers for X = C* are special cases of these invariants. For more details of these
constructions, see Sections and

On the Quot scheme Quoty (E,n) where E = @Y Oy (y;), we define equivariant virtual Segre
and Verlinde series for o = [®7_, Oy (v;)] — [B]27, | Oy (v;)] to be respectively

Sy(E,a:q) : Zq/ s(al,

[Quoty (E,n)]vir

CrB.eia) =" | clal)
0 [Quoty (E,n)]vir

n=

Vy (E, o;q) Zq" VIt (Quoty (E, n), det(al™)).

Remark 1.1. It is important to note that the above definitions, when Y = X = C*, are dependent
on a choice of signs at each fixed point Z € Quoty (E,n)", which is suppressed from the notation.
One could compare this to the choice of orientation in the compact case. We denote the sign at Z
to be (—1)°@1zand in the equivariant setting, we call o(L) a choice of signs.

When N = 1, the weight on £ = Oy (y1) is not necessary as this extra action does not
affect the fixed locus, so we sometimes ignore it by setting y; = 1. By definition, the coef-
ficients of the Chern and Segre series are rational functions in the cohomological parameters
Ay s Ay, M1, ..., MN, W1, ..., Wrts. For the Verlinde series, they are in K-theoretic parameters
ti,. oy tds Y1, YN, UL ..., Upys. Using the identification of Remark [2.4] they can be viewed as
functions in the cohomological parameters as well. Define

*Yi (B,a;q) == *Y(E’ ; q) ’deg X, =i

to be the part with total degree i in those variables, for x € {S,C,V}. More precisely, by restricting
a multi-variable function to a certain degree, we mean the following.

Definition 1.2. Let f(z1,...,2;) be a function in the ring of fractions of C[z1,..., 2x]. Consider
the formal Laurent series expansion of f(bzy,...,bzx) in the variable b:

f(bzl,...,bzk) = Z fi(zl,...zk)bi.

1=—00

For i € Z, the part of f with total degree i is
flz1,- 0 2k)|deg =i == fi(z1,- .., 21).
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1.1.5. Reduced invariants on Quot schemes of surfaces. When S is a K-trivial surface, the obstruction
on Quotg(E,n) contains a trivial summand making e(T"") vanish, as a result, the invariants all
vanish. We may instead consider the reduced classes and invariants from Gromov-Witten theory
and stable pair theory [KT14], which has been employed to study the enumerative geometry of
Hilbert schemes in for instance [GSY17]. In the case of Quotg(F,n), a reduced perfect obstruction
theory can be obtained by removing one copy of Oquot,(E,n) from the usual obstruction for Quot
schemes. The equivariant analogue of a K-trivial surface would be S = C? with the action of the
1-dimensional torus To = {(t1,t2) : t1to = 1}. Let 774 be the virtual tangent bundle obtained from
the reduced obstruction theory. For E = &Y 0g(y;) and a = [®]_;Os(v;)] — [B5_, 1 Os(vi)], we
define the reduced Segre, Chern, Verlinde series to be respectively

S4B, a3 q) Zq / s(al™),

n>0 [Quot g (E,n)]red

Cred E a: q q / C(Oé[n}),
nz>0 [Quot g (E,n)]red

Ved(E a; q) Zq / td(77°Y) ch(det(a™)).
n>0 [Quotg(E,n)]red

1.2. Summary of results for surfaces.

1.2.1. Computation of Chern series. Consider the case S = C? with the T = (C*)?-action. Using
the tools from [GM22], we are able to compute the non-virtual equivariant Chern series for bundles
of rank 2 as follows in Section 4.1l

Theorem 1.3. For V a vector bundle of rank 2 over S = C?, we have
I6(Viq) =(1 + g)s<tV)
where |, g denotes equivariant push-forward to a point.

Remark 1.4. For a class v € H}(pt)ioc and an invertible power series F'(q), the expression F'(g)”
is to be interpreted as

exp (vlog(F(q))) = Z m()g— (@ H (pt ) [a].

n=0 loc

In the above theorem, this gives us
[q"1I(V;q) = (fs i(v)>

In Section we extend the computation for the above theorem to the virtual setting and obtain
the Chern series of line bundles for Hilbert schemes. Note that in the non-equivariant setting, this
series can be retrieved from |[OP22, Corollary 15].

Corollary 1.5. Let S = C2%, and L = Os{v1) a T-equivariant line bundle over S. We have

1\ JseDe(s)

Cs(Og,L;q) = | —— .

S( S Ly q) (1 — q)

By extracting the part with the lowest total degree in A1, As, w1, we obtain the following 2-

dimensional analogue to the Donaldson-Thomas partition function for C3 [MNOPO6bH, Theorem 1],
or Cao-Kool’s formulation of Nekrasov’s conjecture for C* [CK17, Appendix B].



Corollary 1.6 (Corollary . For S = C2, the following equality holds

A1+2Ag

o
So [ oo
n—1 [Hilb™(S)]vir

1.2.2. Universal series expressions. A common approach used to find closed formulas for the Segre
and Verlinde series is by computing their universal series. In the non-virtual Hilbert scheme case for
projective surfaces, it was proven in [EGL99] using methods of cobordism classes that the Segre
and Verlinde invariants admit the following universal series expressions

190y q) = Ag(q)(@ Ay ()X(9°4(@) 4y (q)2X(O5) Ay(q)er (K5 —3K 4, ()55,

Iv(a,q) _ Bl(q)x(det(a))BQ(q)%X(Os)Bg(q)01(a)Ks—%K§B4(q)K§

where the products in the exponents are intersection products. The series A;(x), B;(x) are universal
in the sense that they only depend on « through its rank and are independent of the surface. Explicit
formulas for these series were conjectured and computed in [Leh99, MOP17, MOP21], [EGL99, [GM22].
The Segre-Verlinde correspondence in this case concerns the relations between A; and B;. It was first
proposed by D. Johnson and Marian-Oprea-Pandharipande in relation to the study of Le Potier’s
strange duality [MOP17] [Joh18] and recently proven by Gottsche-Mellit [GM22].

For virtual invariants on Quot schemes of a smooth projective surface S and torsion free sheaf F,
the universal series expressions are given by [Boj21a, Theorem 1.2]:

Ss(E, azq) = AT (q) 1S A3 (q) 157 A3 () (917,
Vs(E, a; q) = BY" (q) (1) By (q)1(5)" By (g)1 (D (7).

The explicit formulas are computed in [AJLT21, Theorem 17] for Ay, A2, By, Bs and in [Boj21a),
Theorem 1.2] for As, Bs.

Unlike the compact case where the invariants are simply numbers, the equivariant invariants can
contain terms of various degrees in H¥(pt)io.. This is reflected by the following theorem where
the non-virtual equivariant Segre and Verlinde invariants are written as infinite products of series
labeled by partitions. The notations for partitions are set in Section For a partition p and a
K-theory class «, denote

£(p)
Cﬂ(a) = H cui(a)'
i=1
Theorem 1.7 (Theorem . Let S = C2. For anyr € Z, N > 0, there exist universal power
series Ay, ¢(q), Buve(q), dependent on N and r, such that for E = &Y ,0s(y;) and o € K1(S)
of rank r, the equivariant virtual Segre and Verlinde series on Quotg(FE,n) can be written as the
following infinite products

Ss(Boasq) = [ Auwelg)lsw@e®eBres),
w,,€ partitions

Vs(B,a5q) = [ Buwelq)s n@eS)ee(Ben(s),
€ partitions

Cs(Braiq)= ] Chwelg)sn@erSecBens),

w,,€ partitions

The series in the above expressions are universal in the sense that they depend on the input «
only by its rank r. Sometimes for clarity, we will add superscripts N, r to indicate the ranks of F
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and a. Note that the series labeled by p, v, £ are exponentiated to homogeneous rational functions
in

HT(pt)ioe = C(A1, Ag;mi, .oy MmN Wi, ooy Wrps)
of degree |u| + |v| 4 || — 1. The degree 0 terms occur when one of p, v, £ is the partition (1) and

the rest are the empty partition (0). The argument of Section shows that the series with degree
0 exponents are necessarily equal to the series from in the projective case, that is

Aw),0,0)(@) = A7 (@) Aw),1),0)(0) = A5(9),  A()0),1)(@) = AT (@),
By 0).0)(9) = BI"(a),  Bo),1).0)(4) = B5"(a),  B(o).(0),1)(4) = BY"()-

The universal series expressions of the reduced invariants take a much simpler form; as opposed
to having series exponentiated to some powers of cohomology classes, we have the following additive
expressions.

(1.2)

Theorem 1.8 (Theorem [3.15). When S = C2, the equivariant reduced Segre and Verlinde series
for E =@ ,05(y;) and a € K1(S) are

S™UE, a;9) = 3 1og (Aune(a)) / (@) (S)ce(E),

I8 83

VB 03) = 3 108 (Bue(a) - [ cul)an(S)ec(B),
I8 A3

€, 30) = 3 108 (Cpne(@) - [ culaen(S)ce(E)
7823

where Ay, ¢, B, ¢ and C,, ¢ are the same series from Theorem .

1.2.3. Virtual Segre-Verlinde correspondence. When Y is compact, the virtual Segre-Verlinde corre-
spondence has been proven for compact surfaces and Calabi-Yau 4-folds [Boj21al, Theorem 1.6] for
torsion free sheaves F to be

SY(E7OC; q) = Vy(E,Oé; (_1)Nq)'

As a corollary to Theorem and the relations (|1.2), we prove the following “weak” equivariant
Segre-Verlinde correspondence.

Corollary 1.9 (Corollary|3.11). In the setting of Them"em we have the following correspondence

Auwe(@) = Bupg(=1)"q).

whenever one of p,v, & is (1) and the other two are (0). In particular, the degree 0 part satisfies

o) 2
Ss0(E, a;q) = Vso(E,a; (~1)Ng) = mf:y@_Q : (/S 61(5)> q"

n=2
for some terms f, € H-?-"_z(pt) dependent on «.

This is weak in the sense that only the series whose powers are degree 0 satisfy the usual
correspondence. Computation for small values of n shows that the other series might not agree,
i.e. the terms f,, can be non-zero. Hence the “strong” Segre-Verlinde correspondence does not
hold for C? in the equivariant setting. One might ask whether there is any relations between the
series whose powers have non-zero degrees. To answer this, we compute some identities satisfied by
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Cu(0),¢» Buy(0),¢ in Section Before stating these identities, some notations are needed. Given
any partition pu, integer a € Z and n > 0, the binomial coefficients for p is

()
<u> . Hl <M>

and the downward factorial of a by n is
(@)ny :=a-(a—1)---(a—n+1).
Furthermore, set

(@) =1, (a)1)=(a+1)""

For multiple integers ni,no, ..., Ny, the multinomial coefficient is

a . a!
Ny eosm) N1l Le(a =Y, na)l

Theorem 1.10 (Theorem [4.5). For rank r # 0 and n,k > 0, the universal series of Theorem-
satisfy the following identities

e <‘M|> log C.(0),(0)(¢, 2) = ﬂ(g&:i) (m(]:__lN))

=k
k—2 N1
[q"]1og B(1),,0),0)(q) = mk! <m(r ";nr) )7
m N » B
[q"] g|zk <£> log C(0),0)¢(9) = # <;";\“] B 1) (m(]:_ 1 ))’
m N k 1N L2 +N »
[q"] g;k (5) log B(g),(0),¢(q) = Wk‘m (m(r mN) )

where (1) = (1,...,1) is the partition with k copies of 1.
When r > 0, we have

EP DI WI0) LTS -l B [ VYA

|ul=k1 E=k2
N rhemkitke=2 fim(r 4+ N) — 1
m —
la ];k: (5>10g3<1>k1,(o>,s(q)— PN < o >
=ko

In particular, setting k = 1, the first two equalities of this theorem give

—r,N rN
Cay0,(@ = =BG 0),0/((-D ™).

This is consistent with the Segre-Verlinde correspondence in degree 0 from Corollary because by
the fact that S(F, «;q) = C(E, —a; q), we have

-1
r,N o —r,N
Ay, 0,09 = <C<1>7<o>,<o>@)) :

Furthermore, when k = 2, we have the following correspondence in degree 1.

Corollary 1.11 (Corollary . The universal series of Theorem satisfy the following corre-
spondence

2 |7l

—-r,N T —-r,N ( 2 ) rN N Ir|(r+N)
(Cun()(m(‘”) <C<2>,(0>,(o>(Q)) <B<1 1.0, ((=1) ‘J)) :
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r+N

N —rN A, 2 or N Ir|
(Ch 0.0 @ @) = (B0 (-0 B0y (-0 *))
Also proven in [Boj21a, Theorem 1.7] is a symmetry for virtual Segre series, which states
Sy(B,V;(=1)"q) = Sy (V. E; (~1)"q)

for torsion free sheaves F and V of rank N and r respectively. Similar to the Corollary we have
the following weak version of this symmetry.

Corollary 1.12. In the setting of Theorem[1.7], for a =V = @i_,Og(v;), we have the following
symmetry

ANT(-)Ng) =AY (-1)q)

whenever one of p,v,§ is (1) and the other two are (0). In degree 0, we have

o 2
Ss0(B, V5 (—=1)Nq) — Ss0(V, B3 (— ; mg 2 </Sc1(5)> v

for some terms g, € H?“Q(pt).
A computer calculation for cases

n=1for N <5 r<3,
n=2for N <3, r <3,
n=3,for N <3, r <2
n=4,5for N <2, r=1

suggests that the strong version of the symmetry holds for equivariant Segre series, i.e.
Se2(B, Vi (=1)¥q) = Sc2 (V. B; (—1)"q).

In Theorem if we swap N and r for the identity involving C(g) 0)¢, we would get the exact
identity for €, (g),(0). This also suggests that the strong Segre symmetry holds.

As for the Verlinde series, in the (non)-equivariant case, the (weak) Segre symmetry together with
the (weak) Segre-Verlinde correspondence would imply a (weak) Verlinde symmetry. However, the
“strong” Verlinde symmetry does not hold for S = C2, which can be observed from the asymmetry
of the series in Theorem [L.10l

1.2.4. Reduced Segre-Verlinde correspondence. For the reduced invariants on S = C2, let us denote
SfEd and V{ed the degree ¢ parts of the reduced Segre and Verlinde series respectively, in the sense
of Definition In this setting, the fact that the series from Theorem are the same ones from
Theorem gives us the following reduced Segre-Verlinde correspondence and Segre symmetry in
degree —1.

Corollary 1.13. In the setting of Theorem 1.8, we have the following correspondence
SI(E, Vs q) = V(B a; (-1)Yq).
When o =V is an equivariant vector bundle, we have the following symmetry

STHE,V; (-1)Nq) = STV, E; (—1)"q).
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Let a € K1(S) with rank r. Write c; A = c1(a) and coA\? = co(a) for some cp,ca € Q, then we

can use the Theorem to show that for some series A2(q), A1(q), Ao(q), B1(q), Bo(q), dependent
on r and N,
o (B, 5 @)lmy = =my=0 = = 108 (A2)(0)(9)) - 2 — 108 (A(1,1),(0)(9)) - e + 1og (A(0),(2)())
=: As(g)ez + Ar(g)et + Ao(a),
Vo (B, ;) lmy=-=my=0 = —10g (B(1,1),(0)(9)) - ¢ + log (B(0),(2)())
=: Bi(q)ci + Bo(q)-

Using the identities of Theorem [L.8] we can get the corresponding relations in the reduced case.
For example, Corollary gives a Segre-Verlinde correspondence in degree 0. Furthermore, we
have the following formula for Bj(g) from Theorem by setting k = 2.

Corollary 1.14. The series By(q) is explicitly given by

" Bu(q) = — ((N +7)n — 1>

2 ™
forn >0 and r # 0. The binomial coefficient (}) for negative input k is [z~ *](1 + z=1)".

We give some conjectural formulas for Ag, By in terms of Ay, By when N = 1, respectively,
checked for n < 20,r < 5.

Conjecture 1.15. When N =1 and r € Z, we have
($)m-1-1

[¢"]Bo(q) = 5 [¢"]B1(q).

When N =1, r < =1 and n > 1, we have
1
[4"]A0(q) = 5r(nr +n+2)[¢"]A1(q).

1.3. Correspondence for 4-folds and other observations.

1.3.1. Segre-Verlinde correspondence. Since all toric Calabi-Yau 4-folds are non-compact, we do
not know how the invariants in the non-compact case relate to the ones in the compact case. We
have seen for the surface case the powers on the universal series have a factor of ¢;(S). Considering
the series given in [Boj21bl Proposition 4.13] and [Boj21a, Equation (3.38)], together with Section
we see that this term should be replaced by ¢3(X) in the 4-fold case. Motivated by Corollary
and we conjecture a weak Segre-Verlinde correspondence and symmetry for X = C*. The
correspondence part was checked with a computer program for

n <6, for N,r <1,
n <3, for N,r <2,
n <2, for N,r <3,
n <2, for N,r < 4.
The symmetry part was checked for
n <4, for N=r=1,
n<3, for N=1,r=2,
n <2, for N=r=2,
n<2 for N=1r=3.
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Conjecture 1.16. Let X = C*, E = o ,0x(y:), V = @_,0x(v;), and a € K1(X), then for
some choice of signs o(L), we have the following symmetry and correspondence

Sx(B,V;(-1)Nq) = Sx(V, E; (—-1)"q),

o0

. _ o (— N — —Fn . Is 2. n
Sxo(E,a;q) — Vxo(E, a; (—1) q)zl()\l/\2>\3)\4)n_2 (/X 3(X)> q

for some terms F,, € H#"iﬁ(pt) dependent on «.

1.3.2. Nekrasov’s conjectures. In [CK17, Appendix B], Y. Cao and M. Kool gave the following
formulation of Nekrasov’s conjecture [Nek20), Section 5]. We generalize this to Quot schemes of C?
and C* as follows.

Conjecture 1.17. Let Y =C%, E = @gll(?y@i), and V = @]_,0y(v;). Whend=2, ord=14
with some choice of signs o(L), we have

Cy (E,Viq) = exp (q /Y cdl(Y)>.

Note that when N = 1 and Y = C2?, this is exactly Corollary When Y = C*, we shall
show that this conjecture is a consequence of Nekrasov-Piazzalunga’s conjecture [NP19, Section
2.5] using a Quot scheme version of Cao-Kool-Monavari’s cohomological limit [CKM22, Appendix
A] in Proposition For Y = C2, we check it for N = 2,3,4,5 up to and including n = 7,4, 2,2
respectively.

Since [Quoty (E,n)]"" has virtual dimension nN, we have C¥¥(V;q) = 1 when N > r in the
compact case simply for degree reason, which means the corresponding Verlinde series is also trivial
due to the Segre-Verlinde correspondence. In the non-compact case, the above conjectures suggest
that they may contain negative degree terms. However, with a computer calculation for N =2,3,4,5
and all possible r, up to and including n = 8,5, 2, 2, we see a complete vanishing when N > r 41
for Chern numbers, and when r < N for rank —r Verlinde numbers.

Conjecture 1.18. Let Y = C% N > 1, and E = @Y. ,Oy(y;). When d =2, or d = 4 with some
choice of signs, we have forr =0,1,...,N —2 and V = &]_, Oy (v;),

Furthermore, forr=1,...,N — 1, we have
Vy(E,—[V]iq) = 1.

In Proposition we also show that the Chern series part of this conjecture for d = 4 is a
consequence of Nekrasov-Piazzalunga’s Conjecture

2. PRELIMINARIES

2.1. Equivariant cohomology and K-theory. Given a topological group G acting on a topological
space M, the equivariant cohomology H (M) is defined to be H*(EG x M/G), where EG — BG
is the universal principle G-bundle on the classifying space BG. The map M — pt induces a ring
homomorphism H (pt) — HE(M), making HE (M) a module over Hf(pt) for any M, and we can
view HZ (pt) as a “coefficient ring”.

Definition 2.1. Given a G representation V, viewed as a vector bundle V' — {pt}, we define its
equivariant characteristic classes by taking the associated bundle

EG xqV — EG x¢ {pt} = BG
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and taking its characteristic classes in H*(BG) = H,(pt). Denote c{', eq, chg, tde the equivariant
versions of the i-th Chern class, the Euler class, the Chern character, and the Todd class respectively.

Example 2.2. For the action of a d-dimensional torus T = (C*)¢ = {(t1,...,t4) : t; # 0}, the
coefficient ring is

Hi(pt) = H*(BT) = H*((CP®)") = ClAu,.... Ad

and Aq, ..., A\q are exactly the equivariant first Chern classes of 1-dimensional T-representations
with weight ¢1,...,t4 respectively. In general [Edi97, Section 3.2],

CI(C@I{H . t$d>) = wiAL + - + waAg.

For the d — 1-dimensional subtorus T’ = {(t1,...,t5) € C?: t1...ty = 1} C T, the inclusion induces
the following isomorphism to the quotient ring:

HE (pt) 2 CAL - Al /(O + -+ + Aa).

We can construct the equivariant K-group Kg(M) from the G-equivariant vector bundles. When
M = C¢, vector bundles over M are trivial, but they may carry non-trivial G-actions. Therefore
the equivariant bundles on C? correspond to finite-dimensional G-representations. The equivariant
characteristic classes of vector bundles can then be extended to the K-theory classes. For example,
the Euler class of o = [V] — [W] € Kg(pt) is €% () = e (V) /e (W), which lives in the ring of
fractions H(pt)ioc; the Chern character is chg(a) = chg(V) — chg (W), which lives in []7°, HE (pt).
Example 2.3. When Y = C? with the natural action by T = (C*)? or T/ = (C*)¢~!, we have the
following character rings:

Kt(Y) 2 Z[t, ... 5] = K (pt),
ZIE
Kp(Y)yx =L 2 d 1~ o (pt
(V) = T = Ko o)
where for any weight w = (w1, ..., wy), the line bundle Oy (t¥) := Oy ® t“ simply corresponds to
its character t* = ¢} -- - ¢,

Remark 2.4. We will occasionally identify Chern characters, which are power series in cohomology,
with elements in K-theory by

t‘f’l .. -tgd s ChT(OY<t11U1 .,'tgd» _ ewl’\1+"'+w‘i’\d.

This allows us to consider certain classes in cohomology as elements of Kt(pt). For example, for
the line bundle L = Oy (¢} - - - t3?), we write

chr(A G LY) =1—e 1) = 1 — 471 .4 % e Ko (Y).

The reason we consider equivariant cohomology is for equivariant integration. The integration
formula of [EGI5b] Corollary 1] via equivariant localization states that on a smooth complete variety
Y with the action of a torus T, for A\ an equivariant cohomological class, we have

where the sum goes through the components F' of the fixed locus, NpY denotes the normal bundle,
7 denotes projection to a point, and ¢ denotes the inclusion map. The right hand side of this formula
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can be used to define equivariant integration in general; for Y an arbitrary smooth variety with
finitely many fixed (reduced) points, the equivariant push-forward of my is

/Y HE(Y) — HE (D)oo,

(2.1) ita
o Z 76T(TIY).

xcY T

Example 2.5. Again let Y = C? with the natural T = (C*)%action. The only T-fixed point of YV’
is the origin. At the origin, the character for the tangent space is ToY = t1 +to + -+ - +tq € Kp(pt),
so eT(ToY) = A1+ -+ Ag. Substituting into (2.1, we have

o5t
v )\1"'Ad

2.2. Partitions and solid partitions. A partition u is a finite sequence (p1, p2, - . ., tg) of non-
increasing positive integers. The size |u| is the sum of yu;’s and we call £ = ¢(u) its length. The
empty sequence (0) is the empty partition with size |(0)| = 0. Each partition u corresponds to a
young diagram which consists of pairs of non-negative integers (i, j) € Z2>0 as follows

poe—={0,7) 1§ < pri1}-

A pair O = (4, j) in the above set is called a box in p, which we denote O € p. The conjugate partition
u! is defined to be the partition whose boxes are {(j,1) : (i,) € u}. Denote ¢(0J),r(0), a(0), 1(O)
the column index, row index, arm length and leg length of O = (i, j) € u, defined explicitly as follows

C(D) = ju T(D) - /i7
a(@) =pip1—j—1, WO)=phy, —i—1L

When ¢, j > 0, a necessary condition for box (i, 7) to be in p is that both (i — 1,7) and (4, — 1)
are in p. When ¢ = 0 (resp. j = 0), we only need (i,j — 1) € u (resp. (i — 1,7) € p).
A solid partition 7 is a finite sequence (7;;1); jk>1 of positive integers such that

Tijk = Titljks  Tijk = Tij4lks  Tijk = Tijk+1-

The size of || is the sum of the 7;;;’s. As a 4-dimensional analogue to partitions, the solid partition
can also be viewed as a collection of boxes

T <— {(i,j, k’,l) < ﬂ-i,j,k} C Zéo
Similar to partitions, we have
1—1,4,k,1) € munless 7 = 0,

2.2 i,7,k,l) € m implies
(22) (i ) P 1,7,k € m unless k = 0,

(i )
(i,j —1,k,l) € m unless j =0,
(i L)
(4,5, k, 1 — 1)

€ m unless [ = 0.

For a positive integer N, an N-colored partition of size n is an N-tuple of partitions u =
(D, ..., uM)Y such that |p| :== 3 |u®| = n. Figure illustrates how the partitions are coloured
based on their index. Similarly, an N -colored solid partition is an N-tuple of solid partitions.
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FIGURE 2.1. A 3-colored partition u = (u(M, u® ) of size |u| = 19 where
pM = (5,3,1), u® = (4,1), u® = (3,2) are colored by green, blue and yellow
respectively

2.3. Admissible functions and universal series. We consider the notion of admissibility in the
sense of [Mell8|, which will be an important condition in finding universal series for equivariant
invariants.

Definition 2.6. Let F(Q1,Q2...;q1,--.,q91) € Q(q1,...,94)[Q1,Q2,...] be a series in finitely
many variables @1, @2, ... with constant term equal to 1. Then using the plethystic exponential

Exp, we can write
L
F =Exp < >
(I-aq) - (1—qa)

such that L is a power series in the variables ()1, @2, ... whose coefficients are rational functions in
q1,---,qq- The series F' is called admissible with respect to the variables qi,...,qq if the coefficients
of L are polynomials in g1, ..., qq.

Suppose F(Q;mi, ..., mN;wi, ..., Wr;q1,--.,q4) € Qlq1,...,q2)[Q;m1,...,mn;w1,...,w] is
admissible with respect to qi, ..., gq with constant term 1, we have the following Laurent expansion

[o.¢]
e A by - 1\ k k
log F(Q;my; Wy ;e ... eM) = E Hiyy kg (Qs 1 W) AT A
k1,...,kg=—00

Since F' is admissible, by the definition of plethystic exponential,
(1—q1)--- (1 — qq) log F(Q; 17; ; )

is regular in a neighbourhood of ¢; = --- = g4 = 0 as a power series in ¢1, ..., ¢4, meaning we have
a lower bound k1, ..., kg > —1 for the above summation.
Furthermore, suppose F' is symmetric in wy, ..., w, and symmetric in my,...,my, then we can
expand in the following elementary symmetric polynomial basis:
() £(£) i
- = — — k
log F(Q; mi; 0 €>\17 e 7e>\d) = H#@E(Q) H ep; (W) H eg, (M)AT" ... Ad'
w,& partitions =1 i=1
k1,...kg>—1

for some series H . -.
€k

Let Y = C% and
To=(CY, T = (CHY, To = (C)
with the natural actions on Y, E = CN ® Oy, V = C" ® Oy respectively. Denote T = Ty x T x To.
Say the equivariant cohomology ring of T is H¥(pt) = C[A1,..., Ag;m1,...,my;wi, ..., wy]. Then
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V as a T-equivariant bundle has equivariant Chern roots wi,...,w,, and F has Chern roots
mi,...,my, so e;(my,...,my) = c] (E),ei(ws,...,w.) = c] (V). Therefore
oo A A k k
log F(Q;m; e, ... oe?) = >~ H  p(@Q)en(V)ee(B)AT .. AG.
w,& partitions
E1yekg>—1

For k = (K1, .., ka) where ki, ..., kg > —1, there exist polynomials £ such that

1 kr(l) kr(d) - E];(el()‘lv"'7)‘d)>"'7€d()\17"'7)‘d))
Z A A =

a . A Mg
7 permutation
Now suppose F' is symmetric in the variables qi,...,qq, so H, x = H,, ;) for any permutation 7.
Hence
log F(Q; m; W M, ,e)‘d)
- H,  t(@EBp(er(s- o A, s ealAs- o M) (Ve (B)
o partition
k1,...kg>—1

Note the equivariant weights of the tangent space TpY are exactly A1,..., g, so e;(A1,...,\g) =
¢l (Y). By Example we have

log F(Q; ;€. .., €M) = H,.:Q) / Ep(e1(Y), .. ca(Y))eu(V)ee(E)
4 partition Y
kiy..kg>—1

(2.3)

Redistributing the terms, we get
log Qi @™ o) = 3" Hye(@) [ el )euV)ee(B)
Y

w,v,€ partitions

for some series H,,,¢. Exponentiate both sides, and we obtain the following universal series
expression for F'.

Proposition 2.7. Let F(Q;m;w;q) € Q(q1,.-.,91)[Q;m1,...,mn;wi,...,w.] be admissible with
respect to the variables qq,...,qq. Suppose F is symmetric in wy,...,W,, 0 My,...,my, and
symmetric in qy, . .., qq, then there exist power series G, ,,¢(Q) labeled by partitions p,v,§, such that

F@Qii e, = [ Grug(@fy o eulVee(®),
[T8%

3. SEGRE AND VERLINDE INVARIANTS ON C2

3.1. An auxiliary invariant for compact surfaces. A general tactic for studying the Segre and
Verlinde series is using a more general genus. In the non-virtual surface case this could be [GM22]
Equation (1.1)] defined below. In the virtual case we will use the invariant . For Calabi-Yau
4-folds, we consider the Nekrasov genus , introduced by [NP19].

For a vector bundle V over Y define

A(V) =) NV € KOY)[], Au(=V) =) [Sym'V](=2)" € K(Y)[]

i>0 i>0
which extends to a homomorphism A, : (K°(Y),+) — (K°(Y)[z],-). For a € K°(9), set
(3.1) I(iq,2) ==Y (~a)"x (Hilb"(S), (A_,al) @ det((’)[sn])’1> .

n=0



17
This invariant is chosen so that the Chern series and Verlinde series can be recovered from it by
taking limits. L. Gottsche and A. Mellit computed some of its universal series and used them to
find universal series for the Segre and Verlinde invariants. We state their theorem for the case of
rank r = 2 for later use.

Theorem 3.1 (Gottsche-Mellit [GM22]). For any r € Z, there exist power series Go, G1, G2, G3, Gy €
Z[q, z] such that for all smooth projective surfaces S and o € K°(S) of rank r, we have

2

I(a;q,2) = Go(q, 2)2 @ G1(q, )X D G (g, 2) X0 Gy (g, 2) DK 2 KE Gy (g, ) K2
When r = 2, we have

1-gz* (1-g)?
1—qz’ GQ(q7 ) (1—qz)

GO((LZ) =1~ qz, Gl(qaz) =
GS(Q)'Z) = G4(Q7 Z) =L

3.2. Equivariant invariants on Hilbert schemes. As mentioned in the introduction, the
equivariant invariants on S = C? are defined by equivariant localization. The following definition
gives a more precise description. Let T = (C?)* be the 2-dimensional torus acting on S = C? by
scaling;:

(t1,t2) - (x1,29) = (11, taxs) € C2

This lifts to an action on Hilb"(S). For a T-equivariant bundle V, vl s also T-equivariant.
The T-fixed locus on Hilb"(S) is a finite collection of reduced points corresponding to monomial
ideals of C[z1,z2] by Lemma Therefore we can define the equivariant Segre and Chern
invariants by replacing the usual integration with equivariant integration . Similarly, the
Verlinde invariants on S are defined using K-theoretic equivariant localization [Tho92, Theorem
3.5]. Since we are interested in comparing the Segre and Verlinde series, we convert the Verlinde

invariants into cohomological invariants using the equivariant Hirzebruch-Riemann-Roch formula
[EG99, Corollary 3.1].

Definition 3.2. When S = C2, the equivariant Chern series of a € K1(S) is

Zq/ Ca)

Hilb™ (S
n C(a[n]‘z)
S 5 el
ZEHilb™(S)T e(Tz)

€ Hr(pt)ocla] = C(A1, A2)[q]
where T’ is the Zariski tangent space of Hilb"(S) at [Z]. The equivariant Verlinde number is

Zq / ch(det(al")) td(T)

Hilb™ (S

ch(det(al™
::an Z h(det(a™|7)) td(T%)

n=0  ZeHilb"(9)T e(Tz)

>~ ch(det(al"|))
ZZ(] Z ch(A_,T}) HHT pt) [q].
n=0  ZeHilb"(9)T loc

Lemma 3.3. The T-fized locus Hilb"™(S)T consists of finitely many reduced points.
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Proof. Since T acts on C? by scaling coordinates, it acts on the coordinate ring C[z1, 2] by

(tl,tg) Ty = ti_la:i.

Observe the T-fixed ideals of C[z1, z2] are exactly the monomial ideals, of which there are only
finitely many that have length n. For these points to be reduced, it suffices to show the Zariski
tangent space in Hilb"(S) has no T-fixed parts, which follows from the characterization of the

tangent space (3.3)). O

We shall explain how to calculate the above invariants. First consider the correspondence
between monomial ideals of C[z1, z2] and partitions. For a partition u, the corresponding point
[Z,] € Hilb"(S) is given by the monomial ideal Iz, such that

Oz, = Clz1,22] /12, = Span{ﬂﬁi(m)Cﬂg(D) 10 € ut.

It follows that the character of Oz, is

> ote ) e K1(pt) = Z[tE, ).
Uep
Let V = @®]_,Og(v;) be a equivariant bundle on S of rank r, twisted with weights v; fori =1,...,7.

For any point [Z,] € Hilb™(X)T, the fiber of VI i
VI, =p(0z @ q'V)|z, = HO(X, Oz, @V)=H(V|z,).
The right hand side is the following rn-dimensional representation in Kt (pt):
A - —c(d),—r(O
(3.2) DOz o) =3 3wt V",
=1 1=1 Oep

It was shown in [ES87, Lemma 3.2] that the Zariski tangent bundle at [Z,] is

a(d)+1,—1(O —a(0), l(O)+1
(3.3) TZu:Ztl( ) O ( )+t1 ( )t2( )+

Oep

Denote w; := clT (v;) the equivariant Chern roots of V', we may now expand Definition and get

i 1 (14w — (@)A1 = r(0)A2)
Zq H T L Ty {0 (O + D — a@n)”

il H,L it c([l)t—r(I:I)
Zq” DI;IM< >12<D>)1 (1- 60 IO

Note the expression for the Verlinde series uses the identification in Remark
An important tool for studying the Segre and Verlinde series on S = C? used by [GM22] is the
master partition function. For each r € Z, it is defined by

O,y

(1—

. m 1 4y

Q(Q7217” Z’Mqth ZQU H D)-}—; 0) a(0) (O)+1y
Deu QQ )(‘h D) )

On S = C? with the bundle V = @’_; Og(w;), the invariant (3.1)) can be defined equivariantly by

I(Vigq,z) = Qq; ze", ..., ze" e e ™).

Furthermore, using the explicit expressions of I¢ and IY above, one can show that they are
specializations of €2 as follows.
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Proposition 3.4. ([GM22, Proposition 3.5]) The Chern and Verlinde series satisfy the following
limats:

C 2—r T e e e e

I"(V;q) =lim Q| —ge” " (1 ; yeees ;e et |

IY(V;q) = lin%Q ((—l)rq5T+1;e_lew1, e ,s_lew’“,e_l;e_kl,e_)‘z) .
E—

3.3. Relation to projective toric surfaces. We consider what the equivariant invariants will be
for a projective toric surface S’ with a natural action by the torus T = (C*)2, and compare them
with the case S = C2. More details on this reduction can be found in [GM22, Section 3.2]; see also
[Arb21], Section 6.2] and [LYZ02, Section 3.2].

Let the fixed points on S’ be py,...,py. Denote the Chern roots of the tangent space at p; by
agl), ag). Let V' be a T-equivariant bundle of rank r on S’ with Chern roots wgz), ey w,(,z) at p;. By
equivariant localization, for S" and V' can be expressed as

M
(i) O 0 0
(3.4) I(V'q,2) = (H Qg; ze"r ... ze" ;e e %2 ))
i=1

A1=A2=0

As remarked in [EG95D], since S’ is compact, the product on the right hand side lives in H¥(pt) =
C[A1, A2). Therefore it is indeed valid to set A} = Ao = 0, and the equality follows from Bott residue
formula. This helps us in finding universal series for the S = C? case because the universal series on
the left hand side is already known by Theorem

Using Macdonald polynomials and results from [Mell§|, Géttsche and Mellit [GM22] Proposition
2.5] showed that 2 is admissible with respect to ¢i, g2 in the sense of Definition . Applying

expansion (2.3)), we have

log Q(q; ze™, ..., ze¥r;e ™M e772)

(3.5) = Y Hunn@d) [ Bl (9).dE)E0)
o partition S
k1,k2>—1

for some series H), , r,. Note that the integrand on the right is a homogeneous rational function in
the variables A1, A2 of total degree |u| + k1 + k2. Exponentiating both sides, we get

Q(q; ze™, ..., ze¥r e ™M e7™2) = H Hy, i ks (g, z)fs By ko (e] (5),e3 (S)ep (V)

o partition
k1,k2>—1

Substituting this into (3.4) yields

V50,20 = J]  Hukowa(a, 2)0s Brrra (TSl
Hik1,ke>—1 A1=A2=0
= [I  Husmela2)ls PrmlaeaENa ),
|1 +k1+k2=0

where the integral in the first line is equivariant integration, while the integral in the second line
is the usual non-equivariant integration. Comparing this expansion with the one in Theorem [3.1]
together with a quick computation that E_i _q(z1,22) = 1, E_19(z1,22) = %xl,Eovo(xl,a:g) =
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1
= —H)00(q,2) +3H ) -1,1(q,2) — §(H(1),—1,0(q7 z)+ Hqy,-1,-1(4, 2))

The series G;(q, z) are as in Theorem which give, in rank r = 2,
H(2)7,17,1(q7 Z) = ]"Og(l - qz)a

1 1—qz?

(3.6) A -1-1(9,2) = =He) —10(0,2) = 5 log 7— =,
1. (1—q)(1—qz?

H0),0,0(q,2) = 3H(0),—1,1(q,2) = 1 log (ErEE

To summarize, we have observed that the universal series for the projective case are exactly the
ones for the S = C? case whose powers have degree 0 in H%(pt).

3.4. Virtual invariants. Before defining virtual invariants, we recall the notion of a perfect
obstruction theory in the sense of [BF98| Definition 4.4]. For our purposes, we use the following
simplified version.

Definition 3.5. Let X be a scheme over C. An obstruction theory is a complex of vector bundles
E*=[.. - E?-FE'-EY

for some a € Z, together with a morphism in the derived category D(QCoh(X)) to the cotangent
complex

p: E*— L%
such that h%(¢) is an isomorphism and h=1(y) is surjective. It is a (2-term) perfect obstruction

theory if E* = 0 for i # 0, —1. The virtual tangent space TV" = E, = (E®)* is the class of the dual
complex of a given obstruction theory.

Let S be a surface and E a torsion free sheaf. It is well known that Quotg(E,n) admits an
obstruction theory given by the dual complex of R.#om,(Z, F), where Z, F are respectively the
universal subsheaf and quotient sheaf. When S is a projective surface, [MOP15, Lemma 1] shows
that this obstruction theory is perfect of virtual dimension n/N. Using this, we can define a virtual
fundamental class [Quot g(F, n)]'"" via the methods from [BF98| [LT96] as well as a virtual structure
sheaf OV using [CFK09]. Applying the same argument for S = C? gives us a T-equivariant
perfect obstruction theory. We note that since F is compactly supported, the Ext-groups are finite
dimensional vector spaces, so the steps involving Serre duality still work.

Let S =C? and E = @YY ,0g(y;). Recall from the introduction the following tori:

To=(C*)2, Ti=(CHY, Ty=(CH)y+s,
Set T=Tg x Ty x To, with
Kr(pt) = ZIE 657500 un 30t Ul
Hi(pt) = C[A1, Ao;ma, ... ,my; w1, ..oy Wy
Under these actions, the T;-fixed locus of Quotg(E,n) decomposes into the form

0 — &L Ii{y:) — @, 0s(ys) — L1 Filys) — 0.
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Thus the Ti-fixed locus can be identified as

| | Hilb™(S) x -+ x Hilb™ (S).
ni+--4ny=n
Consequently, the T-fixed locus Quotg(FE,n)' consists of finitely many reduced points of form
Zy = (741, [Za],-..,[ZN]) € HiIb™ (S) x - - x Hilb"V (S),
labeled by N-colored partitions u = (u(l), . ,,u(N)).
The following equivariant invariants are defined similarly to Definition [3.2] now motivated by

virtual equivariant localization [GP97], virtual K-theoretic equivariant localization [CEK09, Theorem
5.3.1], and the virtual Hirzebruch-Riemann-Roch formula [RS21], Corollary 1.2].

Definition 3.6. Let S = C? and
a = (B Oy (v)] — (@11, Oy (v;)] € K1(S)
the equivariant virtual Segre, Chern, Verlinde series on Quot schemes are respectively
[n]
s(a
SV WUD I
— e(Ty")
ZeQuotg(E,n)T
c(al]z)
s(E, a;q) Zq 2. Ty
= ZeQuotg(En)T Z
det(a
o=y S SEEEAa
ch(A_1(T%")")
n=0  ZeQuotg(En)T

We shall describe how to calculate these invariants, and refer to [FMR21, Section 5.1] and [Lim21]
Section 3.3] for the following argument. On each T;-fixed locus

D = Hilb™ (S) x - - - x Hilb™ (S),

the universal subsheaf and universal quotient sheaf of D are @Zj\il Iz, (y;) and @évzl Oz, (y;) where
Z; is the universal subscheme of Hilb™(S). The virtual tangent bundle over D is then

N
Tp' = @ Rﬁomp(lzia Ozj)<y;1yj>
4,j=1
where p: D x X — D is the projection. Further restricting to each Z, = ([Z1],[Z2],...,[ZN]) €
Quotg(E,n)T gives the virtual tangent bundle at Z, as follows

(3.7) @ Ext(Iz,, Oz )(y; 'y;) € K1(S).
i,7=1

To give an explicit formula for TV, we consider a To-equivariant free resolution of Iz,. We refer to
[Eis95, Page 439] for the following Taylor resolution. Say Iz, is generated by monomials my, ..., ms.
For each k =0,...,s, let Fj be the free C[zy,...,x,]-module module with basis {e;}, indexed by
subsets I C {1,...,s} of size k. Set

mr = least common multiple of {m; : ¢ € I}.
For k=1,...,s, define differential dy : F, — Fj_1 by
k

diler) =Y (-1 —F—e; iy

j=1 mi—{is}
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for each subset I = {i1,...,ix} such that i; < --- < i,. Giving each e; the weight of m;, we obtain
the Tp-equivariant free resolution

0—=Fs—...=Fy—1z,—0

where

Fi. = @ Os<m1(t)>

12{1778}’|I|:k
for some dj; € Z2. Define

(3'8) P(IZi) = Z (—1)km](t>.

k,|I|=k

Note that the character of Og = Clz1,22] is 3, ;5 tl_it;j =1/(1 -7 (1 —t31), so the character
of Oz, = Og/1z, is

- P(IZz)
(1=t —t")

Q=

Therefore the character of T};r in Kt(pt) can be expressed as

N N
D Ext(1z,. 02) (i yi) = 3 Y (-1} Hom(Os{ms (1)), Oz, i,
L=t i.j=1 k,|T|=k

YOz (mr(t) Yy y;

I
M= 5

-

&,
Il
-

(3.9) ’“’I

IZi)iji_lyj

I
:MZ

-

<
Il
—

(Qj — (L =t1)(1 = 12)QiQ;) - y; 'y

Il
IMZ

Il
—

7’7‘7

where (-) denotes the involution ¢; + t; . For the T-equivariant bundle V = @I_, Og(v;), the fiber

of VIl over Z, = (Z1,... Zy) is the rn-dimensional representation
r N
)y
BPOs i) =YY T it
i=1 j=1 i=1 j=1 Oep

Substituting the above calculations into the definition, we obtain the following expressions for
the Chern and Verlinde series of vector bundles

I [oeuo Timy (14 wi +my — e(@)A — r(0)A2)
Cs(E,V;q) Il 2= o ,
( Z (TVH“ZH)
1 Toe o Ty vyt O™
Vs(E,V; | 227=1 2 e 2=l
( q Z Ch(A, (Tv1r|ZM)\/)

(3.10)
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3.5. Universal series expansion. For projective surfaces, define an auxiliary virtual invariant

(c.f. (3.1))) as follows
(3.11) Ns(E, ;¢ 2 Zq" vir (QuotS(E,n),A_za["}).

where z is considered as the weight of an extra C*-action that is trivial on S and Quotg(E,n). We
shall refer to this as the Nekrasov genus for Quot schemes of surfaces (c.f. (5.2)).

Similar to before, we generalize this to the equivariant setting using virtual equivariant localization.
On S = C? for vector bundles, this is given by:

Uiyjz)

cEI O
S g I Moo T (1 - Q@

Ns(E,Viq,z) = ch(A_ (TVlr|Zu) )

(3.12) .

€ Q(t1,t2; 91, - - yn) g, 2]

The choice of this invariant is based on Gottsche-Mellit’s invariant (3.1]). The following Chern
and Verlinde limits are satisfied, analogous to [GM22, Proposition 3.5].

Lemma 3.7. For S = C?, the Chern series and the Verlinde series can be retrieved from Ng by
taking limits. We have

Cs(E, V) = lim N (E V(DN (1 4 6), (1 + 5)_1>
E—

Vs(E,V;q) = liH(l)NS (E, V; (—1)7”q£’”,6_1) .
£—

‘ A —g N W —eW M~ —em?

Proof. For the Chern limit, first consider the substitutions A; ~» —e\;, w; ~> —ew;, m; ~» —em,.
This turns the term va_l [Toeuo [Tz (1 = t;C(D)t;r(D)viyj(l +¢)71) into

—e(wi+m;—c(O)A1—r(0)A2)

1T 1D

Jj=10ep) i=1

1 | |H H H +e—e —e(wi+mj—c(@)A1—r(0 )AQ))
+ )Tl

j= 1D€,u(3)l 1

e\ N
:<1+€> H H Hl—c )AL — r(O) A2 + w; + m; + O(e))

j= lgeu(J)z 1

For the denominator in the sum (3.12]), we note that for a Chern root z, substituting it by —ex
turns 1 — e ® = x — —2 + ...into 1 — e** = —g(x + O(e)). Therefore after the substitution, the
denominator ch(A_q( vu”| Z, ) ) becomes
(—)NHNI (e(THr) + O(e))
Substituting back into (3.12]), the Chern limit becomes the limit of
rlpl
_1)Nlal glul (N =) ] rlul c :
Z< )7 Hg"e (1+e) (=1)NlulgNlpl(1 4 g)rlul
m
115 Hoepo oy (1= @A = r(D) A2 + wi +m; + O(e))
(e(T)) + O(e))
. Z M H] 1 HDGM(J) Hl 1(1 - C( ))\1 - ""(D)A2 + w4+ my + O(E))
(e(T5) + 0())
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which converges to Cs(E,V;q) by (3.10)). For the Verlinde series, we have

lim Ns(B, V3 (=1)"ge", ™)
£—

N OO (D), 1
i S~ (1l gelerint =i oo it 1l (U= by 7 T vy )

e—0 m Ch(Afl(TViqZu)v)
r —c(O0),—r(d
— lim Z q'“' H;V:I HDe,u(J') Hi:l(tl ( )t2 ( )viyj —€)
firy > A (T7]2,)")

O

Before starting the proof for universal series expressions, let us discuss how the expansion of
Ns(E,V;q,z) as a formal Laurent series in the variables X, m, W, q, z would look like. In [Arb21],
Proposition 3.2], N. Arbesfeld shows that invariants such as [¢"|Ns(F,V;q, z) can be written as a
quotient whose numerator is a Laurent polynomial in ¢, 7, 7, z, and whose denominator is of the
form [],,(1 — w) for some non-compact weights w in the sense of the following definition.

Definition 3.8. [Arb21], Definition 3.1] Let M be a quasi-projective scheme with an action by some
torus T. For a weight w € TV, denote T,, the maximal subtorus of T containing ker w. If the fixed
locus M ™ is proper, then w is a compact weight, otherwise, it is a non-compact weight.

Fasola-Monavari-Ricolfi used this to prove that the K-theoretic Donaldson-Thomas partition
functions on C3 are Laurent polynomials with respect to the variables y1,...,yn [FMR2I, Theorem
6.5]. We give an outline of their argument, applied to the invariant N for S = C2. First note that
by (3.9)), for any N-colored partition x, we have

1
ch(A_1(TV"|z,)V)

1
[loca, (1 —y; y;t?)

-1
r<ijenizg Uben, (1= v y;t?)

= A(f)

for some series A(f ) € Q[t1,t2]ioc and some sets of weights A;;, B;j. We shall show that the
denominator of Ng does not have factors of the form (1 — y; 1yjtb) for any i # j and b € Z*. By
[Arb21l, Proposition 3.2], we need to prove w = yi_lyjtb is a compact weight. Since

kerw = {(£,7,7) : yi = y;1°}
is itself a torus, we have T,, = kerw. By definition, it suffices to show Quotg(E,n)™ is proper.
With the automorphism T — T defined by

(t_;yla"wij"'vy]\/vﬁ) = (t_;yla"wyjtb""ay]\fag)a
we identify the subgroup T, to To x {(w1,...,wnN) : w; = w;} x To, which contains the subgroup
To=To x {(1,...,1)}. This gives us an inclusion

Quotg(E,n)™ — Quotg(E,n)".

The quotients in the fixed locus Quotg(E, n)TO are all supported at the origin 0 € C?, so the fixed
locus lies inside the punctual Quot scheme Quotg(FE,n)o. The punctual Quot scheme is proper
since it is a fiber of the Quot-to-Chow map Quotg(F,n) — Sym™ S, which is a proper morphism
[EMR21], Remark 3.4]. In conclusion, [¢"|Ns(E,V;q,z) is a Laurent polynomial with respect to the
variables y1,...,yn, so it can be expanded into a power series with respect to the cohomological
parameters mi,...,my.

Furthermore, if w is a weight that contains both ¢; and ¢, then we have Ty, = {(¢1,t2) : t1ta =
1} x Ty x Ta. The fixed locus of this subgroup remains the same as that of T, as explained in the
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next section for reduced invariants. Therefore w is a compact weight, and the denominator of Ny
will not, contain factors of the form (1 — t¢t3) for any a # 0, b # 0. This means in cohomology,
[q"Ns(E,V;q,z) can be expanded into a Laurent series in A1, A2 whose coefficients are power series
in m, W, z, where the degrees on A1, Ao are bounded below individually. We shall see the importance
of this lower bound in the proof of the following theorem.

Theorem 3.9. Let S = C%. Foranyr € Z, N > 0, there exist universal power series A, ,¢(q), Bye(q),
dependent on N and r, such that for E = &Y ,0s{y;) and o € K1(S) of rank r, the equivariant
virtual Segre and Verlinde series on Quotg(E,n) can be written as the following infinite products

Ss(B.oiq)= ] Ay e(q)s cwl@er(S)ee(B)er(S)
w,v,€ partitions

Vs(E,a;9) = [] By (q)fs cn(@en(S)ee(B)en(s),
w,v,€ partitions

Cs(B,asq) = [ Chumelq)ls i@ SecBels),

w,,€ partitions

Proof. We begin with the case where « is a vector bundle V. Assume V = @]_;Og(v;), and at end
of the proof, we can generalize this to arbitrary T-equivariant bundles by substituting T-weights
into the variables vq, ..., v,.

Begin by expanding log Ng(F,V;q, z) as a Laurent series in A1, Ay as follows:

log Ns(E,V;q,2) = Z H-,k(q,z;m;w)/\{)\g

(:k)ez?
for some series Hji € Q[gq, z;m1,...,my;wi,...,w,]. By the symmetry in wi,...,w, and the
symmetry in myq, ..., my, this expands to
i\ k
logNs(B,Vig,2) = > Guejk(a,2) MAscu(V)ee(E)
w,& partitions
jk>—1

> Guekla2) - Meu(V)ee(B)
w,& partitions
min{j,k}<—2
for some series G, ¢ ;. € Q[g, 2]

Our goal is to get a universal series expression by exponentiating the above equality. To do so,
we first show the terms in the second summation vanish using a similar approach as in Section
m This proves that Ng(E,V;q, 2) is admissible, from which we deduce the desired expressions by
taking the limits of Lemma [3.7

Let S’ be a toric projective surface with a natural action by To = (C*)2. Say the fixed points
are p1,...,py and the Chern roots of the tangent space of S” at p; are agl),ag), which live in
Hi (pt) = C[A1, A2]. Let E', V' be two arbitrary T-equivariant bundles on S’ with Chern roots

bgi), . ,bgf,) and cgi), ey cy) respectively at p;. By a virtual version of the argument in Section
this time via the virtual Bott residue formula, we have

-

A=m=w=0

M
Nsi(E'\V'iq,2) = (HNS<E,V;q,z>
=1

Mm@ s b(0) s 80 )

where the symbol ~~ denotes a substitution of variables. After the substitution inside the bracket of
the right hand side, we know from equivariant integration that the resulting expression is a power
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series in X, m, w, which is why we are able to set these variables to 0 and obtain a number. Now we

focus on the bundles
N r
E'=D0s{y), V' =D 0s(v)
Jj=1 Jj=1

whose Chern roots at each p; are my,...,my and w1, ..., w, respectively, independent of 7. Thus

M
NSI<E/7VI;q, Z) = (HNS<E7V;Q72)‘X-@‘@)> o

i=1 A=w=m=0

Again, note that the term inside the bracket is a power series with respect to Ay, Ao. Substituting
the previous expansion of log Ns(E,V;q, 2), we see that

M
log No (B Vq,2) = [ D > Guei(a,2) - MAeu(V)ee(B)|
1=1 u,€ partitions
min{s,j}>—1

M
S Y Gueis(@z) MAseu(V)ee(B)|

i1=1 u,€ partitions

Since the elementary symmetric polynomials form a basis for symmetric polynomials, we know the
coefficients in front of ¢, z of the term

M
(3.13) DD Guegnla,2) - MA5|

=1 j keZ Ava(?)

are power series in A1, Ao for each u, &.
Let S’ = P! x P!, with T¢-action
(t1,t2) - ([0 : 1], [yo : 11]) = ([wo : t1z1]; [Y0, t2v1])-

We refer to [LYZ02], Section 3.7] for the following computations of equivariant weights. The fixed
points are

pr=poo = ([1:0],[1:0]), p2=por=([1:0],[0:1]),
ps=pio=([0:1],[1:0]), ps=pu=([0:1],[0:1]).
The corresponding weights are @) = @0, g2 = gOb g®) = g0 g4 = g1 where

o = (~1'x, 0 = (1P
for 4,j € {0,1}. Substituting into (3.13)), we see the summands with odd j or k£ would cancel each
other out, leaving us with

> Guejnlaz) - 4MA5.

7,k even

Since M )\’5 are linearly independent for all distinct j, k, and they are not polynomials for min{j, k} <
—2, the coefficients G, ¢ j x must all be 0 for these j and k.

Having dealt with the case where j, k are both even, we would like to apply the same argument
to the other cases. To do so we need to solve the problem that the summands vanish whenever one
of j, k is odd. The fixed points on Quotg (E’,n) correspond to M-tuples of N-coloured partitions

(D, )Y where p® = (p, . ,Mgi’N)) and each p(»7) is a partition for i = 1,..., M and
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j=1,...,N. If we replace wy, by uz(l + A1 + X2)? for some symmetric polynomial p and numbers
l,u,...,u,, the Chern roots of (Og <wk>)[”} would be replaced by

M N
UU U fw +a’ +a0)? +m; - c(@al” - r(@)ad}.

i=1j=1 el

We claim that taking symmetric series of these Chern roots would result in terms composed of

[n]

symmetric series of Chern roots of K gﬂ, and that of (’)g , which are respectively given by the sets

UU U @ +ad +m; —c@al? - r(@)ad},

i=1j=10e(i-d)

M N ] ]
UU U -l —r@al’}.

i=1j=10ep i)

This is a result of Lemma [3.10| by setting & = (agi)+aéi))i:17,,,M, y= (mj—c(D)agi) —T(D)ag))meu(m]&.

i=1,...,
Therefore after replacing wy by ug(l + agl) + ag)), the resulting invariant is still an integral of
characteristic classes of tautological bundles, so the new version of remains a power series
in A1, Ag. View uq,...,u, as formal variables and replace them with wy, ..., w,, we see in total we
have replaced each wy, by (I + agl) + ag))wk fork=1,...,r.

As a result of the previous paragraph, the coefficients of

M
DD Gregn(az) - MAS - (T4 M+ Ag)?W

=1 jk NG (®)
2lpl M 21 .

=55 (M) Gusata s M- |
s=0i=1 jk N ° S

are power series in A1, Ag for any integer [ > 0. When p # (0), the matrix formed by the vectors

201 2 (2100 p2iai—1 (200 =2 (2lBlY 0
O 9y 1 Y 2 9 ) 2|M|

for I =1,2,3,... has maximal rank, we may take a linear combination of the above expression, and
get that

M
Z Z GM,S,j,k(Qa z) - )\Jl)\é: (A F Xo)®
i=1 j,k€Z

Xrmd(®)

is a power series in A1, A9 for each s =0,1,...,2|y|.
Take s = 2, we get

M
SN Gregnlaz) - M5 (A +X2)?|

i=1 jk

+1
= > Guejrla,z) - 8T
4,k odd

Again, since A{H)\SH are linearly independent for distinct j, k and are not polynomials in A1, As

for any min{j, k} < —2, we know G ¢ j = 0 whenever j, k are both odd and p # (0).
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In the case one of j, k is odd and the other is even, continuing to assume p # (0), we take s =1
and get

M
D Guein(a, 2) - MAE - (M + Ao)
i=1

X~sg(®)

| GLeir(a,2) - 8XTIAL if j odd, k even
| Glein(a,2) - 8MNETL if k odd, j even.

Although these are not polynomials when min{j, k} < —2, we see there might be some linear
dependence, i.e. we could have

Gl”/7§7j7k; = _GM7€7J+17]€_1
for j odd and k even, and terms canceling each other out in the sum. To solve this issue, we further
apply the argument to the s = 3 case and obtain the following dependencies

Gl"ufvjvk = _G;L7€,j+37k—3

for all j odd, k even and min{j, k} < —4. Combining these relations we see for min{j, k} < —2,
there exist some constants C’i& abl> labeled by the partitions u, &, integers a, b,l and a sign &+, such
that

Gueik(a,2) =Y (1) = (=D)"Coy 1y i 10"

a,b
> ab Qngabﬂkqazb if j even, k odd, j >0
B Za’b —Qlegab#kq“zb if j odd, k even, j > 0,
B E&b 2C;£abj+kqazb if j even, k odd, 7 <0

Za’b —20;51a7b’j+kq“zb if 7 odd, k even, j <0,

The reason for the superscript + is due to cases such as 7 = —1,k = 0, where we would have
min{j, k} > —2, so the dependence does not necessarily hold. Because of this gap, we can not
always relate the coefficient when 5 > 0 to j < 0, resulting in separated cases. By the paragraphs
preceding this theorem, for a fixed a, the degrees j, k on A1, Ay of the [¢%] coefficient are bounded
below. However the above indicates that the constants Clj;& bl only depend on the value [ = j + k,

and we can make j or k arbitrarily small. Hence C’i& aps = 0 whenever p # (0).
With all the vanishings of G, ¢ j ., we write

logNs(E,Vig,2) = > Guejn(a,2) - M5 - cu(V)
w,& partitions
+ Y Guoyegnlaz) - M.
¢ partition

To deal with the terms G(o) ¢ (g, 2) for min{j, k} < —2, we apply Lemma and find
DZG(O),E,j,k(Qa Z) = kG(l),{,j,k(Qa Z) = Oa

s0 G(0),j,k 18 constant with respect to the variable z. Let us attempt to extract the [¢" M Xc() (V) ce(E)]
coefficient of the Chern series from Gq) ¢ ;1 using the Chern limit of Lemma This results in a
limit &€ — 0 of the term e™N—"ellleitk which does not make sense when the rank r is sufficiently
large, so we must have G(g) ¢ jx = 0 for such r. To generalize this to arbitrary ranks, we apply



29
[GM22], Lemma 3.3] to N, which says the coefficients of Ng are polynomials in 7 when r > 0. Now
we can write

logNs(E,Vig,2) = > Guejn(a,2) - M5 - cu(V)ee(E).
w,& partitions
As noted in [OP22, Equation (31)], the obstruction on Hilb"™(S) at a fixed point [Z,] is (Kgn])v Z,-
From 1) we see a copy of K¢ = t1tg isin K gn] |z, By |D the obstruction bundle on Quotg(F,n)
at any fixed-point has at least one copy of K¢ as a direct summand. For a line bundle L, we have

ch(ALY)=1—e B —¢(L) - (1+...)

where ... are some omitted terms in H7%(pt). Therefore 1/ ch(A_1(T3¥)Y) has a factor of e(KY) =
c1(S) = A1 + A2 in its numerator. We also note that this factor does not appear in the denominator
because if we pass to the subtorus {(¢1,t2) : t1t2 = 1}, the Zariski tangent space has no T-fixed parts:
by , the fixed part can only come from the direct summands with ¢ = j, which correspond to
the Hilbert scheme case; but by (3.3)), these summands have no fixed parts because a(0), () > 0
for any box [J. Therefore we may extract this factor of ¢;(.S) and obtain

logNs(E,Vig,2) = > Hyuein(g,2) MAS - cu(V)ee(E)er(S).

w,& partitions
Jik>—1

for some series G, ¢ j . € Q[q, z]. Furthermore, since j, k are now bounded below by —1, multiplying
by A1A2 would give us a power series expansion in Aj, A2, allowing us to use the symmetry in Ay, Ao
and write

(3.14) logNs(E,Vig,2) = > HH’V,E(%Z)'/SCM(V)CV(S)%(E)Q(S)‘
w,v,€ partitions

for some series H,, , ¢ € Q[q, 2].
Finally, taking Chern and Verlinde limits of H,, , ¢ as in Lemma then exponentiating gives us
series C, , ¢, By, ¢ such that

Cs(BVig)= ] Cuwelg)s e See@eals)
w,v,€ partitions
Vs(E,V;q) = H Buu{(q)fs cu(V)ew(S)eg(E)er (S)

w,v,€ partitions

and the fact that Ss(F,V;q) = Cs(E,—V;q) implies that there exists series A, ,, ¢ such that
Ss(E,V;q) = H A, ug(q)fs eu(Vew(S)eg(E)er(S) |

w,v,€ partitions

To generalize this to arbitrary K-theory classes o = [V'] — [V”] € K1(S) for equivariant bundles
V', V" of rank m, [ respectively, we apply [GM22, Lemma 3.3] once more; it states that the invariants
for « are obtained by substituting

raemo— l7 pn(vlﬂv2’ M 7,07') an(v/17vé7’ ° "U7/'TL) _pn(vi/7vg’ cce 7vl,/)7

where p,, are the power-sum symmetric polynomials. Hence the above universal series expressions

hold for all & € K7(S). 0

Lemma 3.10. Let F(Z,y) be a polynomial symmetric in & = (x1,...,zy,) and symmetric in
¥ = (Y1,---,Ym), then F can be written as a polynomial expression of symmetric functions in

{y1,...,ym} and symmetric functions in {x; + yj}g;l:";’;n.
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Proof. Expand F' in the elementary symmetric polynomial basis with respect to the variables
Yy« s Ym:

FE§H= Y. fu@eu.
1 partition

An induction on the degree of F' shows that f,(Z) can be written in the desired form for p # (0).
Thus we may assume F' is independent of y. Furthermore, since if the statement holds for F' and G,
then it holds for F'+ G and F - G, we can assume F' = e (Z). We have

i=1,..., - o

ee({zi +y; o0 n) = K - en(@) + G(&, 9)
for some constant K € Z, and G is a polynomial symmetric in & and in ¢, and every monomial term
in G contains some y;. Apply the same argument to G and we conclude that G satisfies the claim,
therefore so does I’ by the above equation. ]

By the non-equivariant Segre-Verlinde correspondence [Boj21al, Theorem 1.7] and the relations
between the non-equivariant series and equivariant series illustrated in Section we have a weak
Segre-Verlinde correspondence as the following corollary. The same argument of the following proof
also gives us a weak symmetry in the form of Corollary

Corollary 3.11. In the setting of Theorem[3.9, we have the following correspondence

Apwe(@) = Buwg((=1)"q).

whenever one of p,v,& is (1) and the other two are (0). In particular, the degree 0 part satisfies

o) 2
Ss(Braia) ~Vaa(Beai—0) = 3 i ([ a®) o

n=2
for some terms f, € H%"fz(pt) dependent on «.

Proof. By the argument of Section the universal series in Theorem when passed to a toric
projective surface, must give the Segre-Verlinde correspondence of [Boj21al, Theorem 1.7] in degree
0. Since the degree 0 terms occur only when one of u,v, € is (1) and the other two are (0), we have

Auw(@) = Buwe((=1)"q)

in those cases.

Note that when we take exp of , the total degree 0 part might come from the product
of a negative-degree term and a positive-degree term, but since each term in the integrand is
accompanied by a copy c1(.9), we know this difference must be a multiple of ¢1(S)2. We also see the
[¢"] coefficients are sums of products of at most n such integrals, giving a denominator of AT'A%, so
we are done.

For illustration, we shall extract this difference, and express it explicitly. This is just a standard

computation. For a partition p = (u1, po, ..., pur) of size n with length L, and a sequence of positive
integers k = (k1, ka, ..., kr), write s|u if each k;|p;. We also associate a set of tuples of partitions
to Kk by

‘ ‘ ‘ u(i), y(i), §(i) are partitions for each i, s.t.
M, = ((/"(l))iLzlv e, (5(1)){4:1> ZiL:l ki(|p@] + v@] +1€®] — 1) = 0 and
w; = v; = & = 0 for some 1.
For each n > 0, we would like to find the degree 0 part of the [¢"] coefficient of exp of (3.14]). By

expanding the exponential using definition, we observe that these terms come from products of
integrals labeled by p®, () ¢ in M, for some tuples x| for some partition 7 of size n. A more
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precise description is given by the following equation. Suppose log(A,,¢(q)) = > ioq aupeiq’ and
log(Bpuue(q)) = >0 buwe,iq’, we have

[q"](Ss0(E, a;q) — VSO(E a; (-1)Ng)

ki
=> > II Hkl ( @ () £0) m/kz/ i (@)e,m (S)Cg(i)(E)Cl(S)>

|rl=n &lr (i 08eM, =1

L(m)>1
k;
_ Nn Z Z H H T ( OB ORI /Scu(i)(a)cy(i)(S)C&(i) (E)Cl(S)>
|Tl=n &lr (i0,8eM, =1
L(m)>1
£(m) bl £(r) el
Nn i
= Z Z H H <):(z ) 7y ks - (=1) Hb <i>,:<z‘>, () 7y ks

el . rlle )€ / miegle 3 /
Z(ﬂr-r);l (,7,€)eM
£(r)

Cl(S)ki ki
N = (cuo(@e,w(S)eew (B))
i=1 ki!Alszgl < " )

In the summation we have ¢(mw) > 1 because M, is empty for any x|r if # = (n) by definition.

Therefore 2 < Zf(:? k; < n. By multiplying some appropriate power of A A2 to the denominator and
numerator of the right hand side, we can express it as a rational function in A1, As, with denominator
APAD and numerator a multiple of ¢;(S)2. Setting this multiple as f,, € C[A1, A2] gives the desired
expression.

0

Example 3.12. The universal series for Ng are known explicitly in the compact case [Boj21al,
Theorem 1.2]. For a smooth projective surface S and « of rank r, we apply [AJLT21, Theorem 17,

Equations (16),(17)] for f(z) =1 — ze”, g(v) = == and get
2
. [ (1-2Q "—r2Q(1 - Q) al®)rq 2Q c1(8)-e1(e)
NS(OS7a7QJz)_|:<1Z> < ]-*ZQ +1 172

via the substitution

1-Q1

q=
(1—2Q)"

As mentioned in the introduction, when N = 1, we shall set y; = 1, and omit the subscript &
for H,,,¢. The formula above allows us to compute H(y) (0)(g, 2) and H ) 1)(g, 2). For a smooth
projective surface S and « of rank 0, we have

l—g—z \a®ra@
Ns(0s.0.0.9) = (o) |
(1-¢q)(1—2)
The exponent is interpreted as intersection product, which in the toric case corresponds to the
equivariant push-forward
/ c1(a)er(S).
S

Therefore for rank 0, we have the following series from expansion ([3.14))

1—q—2=2
H(l),(o)(q, z) = log my H(o),(l)(q, z) =0,
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Take the Chern limit of Lemma by substituting ¢ ~ —qe, z ~ (1 +¢)~! and get

Cay,0(q) =1+4¢

Replacing a by —a in the Chern series to get the Segre series for a, we see

A(1)7(0)(Q) = 0(1),(0)(61)_1 =T

On the other hand, the Verlinde limit yields

1
Bu.o@ =1,

The Segre-Verlinde correspondence of Corollary is indeed satisfied.

Example 3.13. Let S=C2, n=N =2, E = Og(y1) ® Og{(ys) and L = Og(v). The T;-fixed locus
of Quotg(F,n) is the disjoint union of

Hilb%(S) x Hilb*(S), Hilb!(S) x Hilb'(S), Hilb?(S) x Hilb"(S)
Denote Z,, the point in Hilb!(S)To corresponding to a partition p, then the T-fixed points of
Quot¢(C?,2) are

(Zg, Z(2)): (Zgs Z(1,1))s (Z(1)s Z1))s (Z(2)5 Zg)s (Z1,1)s Zop)

Therefore by , the virtual tangent bundles at these five points are respectively
1+ 1ty — tite +y7 ') (1 4+ 77)
B3+t — it +yp )L+ 1)
t+ty — tita) (1 + yy ') (1 + 193 ")
1+ by — £ty + 195 (L + 177
(3 +t = taits +yiyy (L + 85

(
(
(
(

The equivariant Chern roots of ol at these points are respectively
{ma+w, mo—A1+w}, {metw, ma—Aot+w}, {mi+w, motw}, {mi+w, mi—Ai+w}, {mi+w, m;—Aa+w}
The contribution to the Segre numbers at each of these fixed points are

(2A1 + M) (A1 + A2)

Y(ma — A1+ w1 + 1) (ma2 + w1 + 1) (A2 — A)AIAS
(
(

2(m1 —mo + /\1)(m1
A1+ 2X2)(A1 + A2)
2(m1 — mo + )\2)(m1 ) mo — Ao +wy + 1)(m2 + wy + 1)()\1 — )\2))\1)\%7
()\1 + Xo+mq — mg)()\l + Xy —mq + m2)()\1 + )\2)2
(m1 —ma + A1) (m1 —ma — A1) (m1 — ma + A2)(m1 — ma — X2)(mq + wl + 1)(ma + wl + 1)A2N3’
(2)\1 + /\1)()\1 + A2)
1— TTLQ)(’/TLl — A\ +wi + 1)(m1 + w1 + 1)()\2 — )\1))\%)\2’
(A1 4+ 2X2) (A1 + A2)
1 —m2)(my1 — A2 +wy + 1) (my +wy + 1)(A1 — A2) A A3’

— Mo
— Mo

2(m1 — mo — Al)(m

2(m1 — mo — )\2)(m
Summing them up, we have

mimoAi—mi )\% —mg)\%-i-/\‘;’ +mi1maia—3mi A1 A2 —3maoAiAg +3/\% Ao—m1 )\g—mz )\%
+3\1 A%—&—Ag +mi A w+m2>\1w—2>\%w+m1 Aow+modow—6A1 )\gw—Q)\%w (A1+22)
XM w24 dow2+mi A +ma; —2)\%+m1 Ao+maodo—6A1 Ao —2/\34—2)\1 wH2Aow+A1+ Ao

[4°)5? (esq)= 2,2
2(m17)\1+w+1)(m17)\2+w+1)(m1+w+1)(m27)\1+w+1)(m27)\2+w+1)(m2+w+1)kl)\2
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A similar computation yields another complicated expression for the Verlinde number. We are
interested in the total degree 0 part of their difference in the variables A, m, @, this computes to

(3m1m2 — A A2 + 3miw + 3mow + 3w2) (A + )\2)2
3AIN3
2
- <;CQ(S) —co(E) —c1(E)e1 (V) — C1(V)2) </S 61(5)) ‘

Note that even though the expressions for Segre and Verlinde numbers are complicated, their
difference in degree 0 simplifies tremendously and satisfies Corollary

[®)(Ss,0(E, L; q) — Vso(E, Liq)) = —

3.6. Reduced virtual classes and invariants. As mentioned previously, the obstruction for
Quotg(E,n) at Z contains at least one copy of K¢. For K-trivial surfaces, this causes the Euler
class of TV to vanish. Therefore the virtual Verlinde and Segre numbers both vanish. One can
instead study the “reduced” versions of these invariants. By [Lim21l, Proposition 9], when S is a
K-trivial surface, n > 0, and F a torsion free sheaf, there is a reduced obstruction theory that is
perfect in the sense of Definition The reduced (virtual) tangent bundle in this case is given by
adding a trivial summand to the usual virtual tangent bundle:

Tred — Tvir + OQuotS(E,n)'

In this section, we study the equivariant analogue where S = C? with the natural action of the
the 1-dimensional torus

To=C* = {(t1, ts) : trty = 1}.
Write
Hz,(pt) = C[A1, Ao]/ (A1 + A2) = C[A],
Ko (pt) = Z[t7, 151/ (2 — 1) = Z[E*].
Using the argument of [CK17, Lemma 3.1], we see that the T = (T x Ty x Ta)-fixed locus of
Quotg(FE,n) stays unchanged and the Zariski tangent space at each of the fixed points has no fixed
parts by the descriptions (3.3]) and . The equivariant reduced Segre and Verlinde series Sred

and Vged are defined the same as the virtual ones by replacing TV with 774, Here we omit the
subscript since we are only interested in the S = C? case.

red c(al"l]z)
S E a; q Zq Z e(Ter) ’

n>0  ZeQuotg(E,n)T z

[]
Vred E, o q Zq Z Ch(det(a |Z))

VI
n>0  ZeQuotg(E,n)T Ch(A_l(Tée )V)

Note that we do not include the n = 0 term because condition 2 of [Lim21, Proposition 9] is only
satisfied when n > 0.

The same strategy from the previous section can be applied to study these invariants. For
E =N ,05(y;) and V = @I_,Os(v;), define

N B Vg ) = 3 ]

p#0)  Den

Again note that the [¢"] coefficient is 0. We can think of the reduced obstruction as removing a copy of
K from the usual obstruction in Z[ti", t3], then passing to the quotient ring Z[tF, 3]/ (t1ta — 1).

This gives us the following result.

] IHz 1(1_t @ )+T(D)viyjz)
(Tred’Z)\/)
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Corollary 3.14. For n > 0, the [¢"] coefficient of N™ can be obtained from the non-reduced
version by taking the following limait:
Ns(E,V;q,z)

1— e a(Ks)

[" B, Vs g, 2) = [4"]

“Aa—A1=A
. Ns(E,V;q,z
— [qn] 11m S( )Q7 )
—A2— A=A A1+ Ao
Expand the universal series expression from Theorem [3.9] and obtain

o0
1
Ss(E.0:0) =3 T+ 20)' [ 3 lo Aela ) /S eu(@)cu(S)ee ()

1=1 [TRZXS
Using the above corollary to extract the reduced coefficients, we see the terms with ¢ > 1 all vanish
and

S B, azq) = ) log Auwe(a,2) / cu(@)ey (S)ce(E).
B2 S

The Chern and Verlinde cases are similar, thus we have the following result.

Theorem 3.15. When S = C2, the equivariant reduced Segre and Verlinde series for E =
®N,0s{y;) and a € K1(S) are

S™UE i) = Y- 108 (Auwe(@)) - [ cul)au(S)ec(E),

I8 23

Vred E,a;q) Zlog (@) - / u(a)ey (S)ce(E),

I8 23

€. 3) = 3 108 (Crue(a)) - [ cula)es(S)ce(E)
NS
where Ay, ¢, B, ¢ and C,, ¢ are the same series from Theorem .

The integrals in the above theorem labeled by pu, v, £ have degree |u| + |v| + |£| — 2, which is one
degree lower than the integrals in the non-reduced expressions. Therefore we have a Segre-Verlinde
correspondence in degree —1 for the reduced setting. However, results for degree —1 have no compact
analogues since they automatically vanish in the compact setting. In the Section we compute
some of the universal series explicitly, giving us some Segre-Verlinde relations in non-negative degrees
for the reduced case.

4. EXPLICIT COMPUTATIONS OF UNIVERSAL SERIES ON Hilb™(C?)

4.1. Equivariant Segre number at rank r = —2. We shall compute the explicit expression for
the equivariant (non-virtual) Chern series at rank r» = 2 for the Hilbert schemes. First recall the
Chern limit from Proposition

c e—ewl e Ewr \ N
4.1 I"(V;q) = lim Q | —qe 1 . ;e e )
(4.1) (Vig) = lim ( ISR v R pre L )
By definition, the Chern number [¢"]I€(V; q) of any rank 2 equivariant bundle V has total degree
—2n to 0 in A1, A2. Thus by comparing coefficients, we see the positive degree terms in (3.5)) must
vanish after taking this limit. The following lemma, based on a similar statement mentioned in
[GM22| Section 4.6], allows us to compute the remaining negative degree coefficients

H),—1,-1(q,2), H1y,—1,-1(q, 2), H0),-1,0(¢; 2)
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from the degree 0 coefficients given by (3.6)).

Lemma 4.1. Let r > 0 and suppose H(z1,...,2,) is a power series in zi, ...z, whose coefficients
are series in some other variables q1,qs,.... If H is symmetric in z1, ...,z with expansion

(1)
H(ze™, ... ze") = Z Hu(z)Hem(ml,...,x,«),
i=1

© partition
then for any k > 0, we have
r
DEH(@)(2) = k! ) < >Hu(z)
— \H
=k

where (;) denotes Hf(:“l) (/L)’ and D, = z%.
Proof. We begin by claiming that the statement is closed under polynomial expressions; that is, if
the equality holds for both F(z1,...,z,) and G(z1,...,2.), then it holds for F'- G and aF + G for

any a € Q[q1,42,...]. The additive part is straightforward, and we shall prove the multiplicative
part of this claim. Expand

F(ze®™, ... ze") = Z Fu(z)eu(x1,...,2p),

4 partition

G(ze™, ... ze") = Z Gu(z)eu(x1,. .., xp),

 partition

then H = F - G can be expanded as
H(ze™, ... ze") = Z H,(z)ey(z1,...,2,) = Z F(2)Ge(z)eu(xn, ..., 2r)

1 partition v+é=p

where by v 4+ £ we mean combining them as sequences to get a partition of size |v| + [£| with length
0(v) + £(£). Suppose the statement holds for both F' and G, then we have

DEH g)(2) = D% (F(o)(2)G 0)(2))

i

_i(?)i!(lﬂ—i)! > (Z)F”<2>G5

ko lk
i k—1
- <>DZF(O)DZ G
1

i=1 |v|=i,€|=k—i
=Ky <T>Hu.
— \M
lul=k
Since H(z1,...,z,) is symmetric, by the above observation, it suffices to prove the statement
when H is the power sum symmetric polynomial py,(21,...,2,) = 21" +--- 4+ 2. For each n > 0, we

expand

r i
H(ze™, ..., 2€") = pp(ze™, ..., 2€"") = g Z"e™i = " <r+ E ﬁpi(atl,...,xr)> .
i!

Jj=1 i>0
This means H(z) = rz" and

DkH(O) (2) = rn®2",

z



36

Fix r > 1, we write

DTy, . xp) = Z Cueu(x,... )
lul=n
for some constant terms C),. Evaluate at x1 = --- =

Hence
k! Z <T>HM(2) = 2"k Z <T>CM =rpkn = D];H(O)(z).
— A\ — \M
lul=k ln|=k
A quick calculation for the & = 0 or r = 0 cases finishes the proof.
O

We would like to apply the above lemma to the series from ({3.6)). First, using the admissibility of
Q combined with an expansion as used in ({2.3]), we obtain

log Q(g; 21,...,2'7";6*)‘1,6*’\2) = Z Gry ko (@521, -5 2r) / B, iy (c1(5), c2(9))
ki ko >—1 s
1,R2Z
for some series G, k,(q, 21, - . ., 2). Comparing to (3.5)), we see
Gk1,k2 (Q7 Zew17 ey ZewT) = Z <_1)k1+k2H,u,k17k2 (q7 Z)CH(V)
o partition

Apply Lemma where we set H(z1,...,2;) in the lemma to be Gy, ,(q; 21,...,2) and the
variables z1,...,z, to be wy,...w,, we conclude

.
DEH (o), 1y (0, 2) = K1Y <M>Hu,k1,kz(q, z).

|ul=Fk

When r = 2, the series H(g) _1 _1, H(1,1),—1,—1 and H(1) _1 ¢ are known explicitly by (3.6). This allows
us to calculate Hyy 1 1, H(g),—1,—1 and H(g) 1 by taking anti-derivatives using the identities

Li; = —log(1 —¢q), D.Li,(qz") = kLi,_1(qz")
for k,n > 0. They are obtained as follows
H1),—1,-1(q, 2) = — Liz(qz®) + Lia(qz),
(4.2) Hoy,—1,-1(¢: 2) = h(),—1,-1(q) — Lis(¢z*) + 2Lis(qz),
1. .
H)—1,0(q,2) = h),—1,0(q) + 3 Lis(g2?) — Liz(g2),

for some terms hgy _1,-1(q), h(0),—1,0(q) independent of z. By (3.5) and the following lemma, we
have

ho)~1,-1(a) = A ?]1og 2(g;0,..., 0:*, ") = — Liz(q),
1,1 '
h(o),-1,0(q) = [A 1}5 log Q(q; 0, ...,0;e*,e*) = = Lia(q)
where the factor % in the second line is due to H(O),—l,o — H(O),o,fl.

Lemma 4.2. The following identity is satisfied:

o0

logQ(Q;O,...,O;e’\,eA) = —Z

n=1

1 Q"

n (1 —enh)2’
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Proof. By |[GM22, Theorem 2.3],

Q(Q;Zlv' . 'aZTSQI>Q2)

o [ Q+ >z > B \#\Ffu[Q+1;Q1,Q2]ﬁu[21+"'+Zr;(J1,CI2]Tu(Q1,Q2)
B (o) DY Nolar @)

Here T,,(q1,92) = [pe, D N1, q) = HDEM(Q?(D)—H — N (@D — O and A, is
the modified Macdonald polynomial defined by [GH93, Theorem 1]. Evaluating at z; = -+ = 2z, = 0,
the term H,[21 + - -+ 2; q1, ¢2] vanishes unless y = (0), and when p = (0), we have H, = 1. This
can be seen from its Schur function expansion [GH93, Definition 1]

HX;q1,00) = > su[X1Ku(q1, q2)
lv|=|ul

where K uv are the modified Macdonald-Kostka polynomials. Therefore when 27 = --- = 2, = 0, the
summation in the above equation evaluates to 1, and

Q(Q;0,...,0;q1,92) = Exp <_(1 _ qjil — qz))

By definition of plethystic exponential,

1 Q"
IOgQ(Q;O,---,O;(ﬂ,qz)Z—Zﬁ a

Substituting q; = o = e* gives the desired form. O

Now we can compute the Chern series. In order to take the limit of Hy i ko (q, 2), we need
to substitute ¢ ~ —qe?~"(1 +¢)" and 2z ~ (1 +¢)~ L. In , the series H,, i, k, is multiplied by a
homogeneous function of degree ki + ko in A1, A2, as well as a homogeneous function of degree |u|
in wy,...,w,. The limit requires us to substitute X ~ —eX and @ ~ —ew. Therefore before taking
the limit ¢ — 0, we need to multiply by (—&)l#+*1+k2  Applying this procedure to and ,
the limit of Hg) _1,_1, H(1),—1,—1, H(2),—1,—1 in the 7 = 2 case all return log(1 + ¢), while the other
terms all vanish. Hence yields

I°(V;q) =exp <log(1+q)/SCO(V)+log(1+q)/561(V)+10g(1+Q)/562(V)>

—(1+¢)lseV)

(4.3)

for any T-equivariant bundle V' of rank 2.

4.2. Virtual Segre number in rank r = —1. Recall that on Hilbert schemes, the obstruction
theory at a fixed point [Z,] is given by (Kgn})v|zu, SO

L _elB 1) _ (qye(ESlz,)
e(Ty) e(Tz,) e(Tz,)
Let L = Og(v1) be an equivariant line bundle, and V = L & Og(v2). Apply (4.3) to V and we have
I6(V3) = (14 q))s V) = (14 q)fsirontutune),

Set wy = ¢1(Kg) — 1 and replace ¢ by —¢, then this becomes
IC<V; _q)|w2=cl(KS)—1 — (1 _ q)fs C(L)cl(KS).
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On the other hand, we have by definition
IC(V - )|w2 c1(Kg)—1
Z |N| “L‘ H 1 + 'UJ1 - C ))\1 — T‘(D))\ )( 1(K5‘) — C(\:‘))\l — T(D))\Q)
)+ DA = HO)A2) (D) + 1Az — a() A1)

Oep

N (g e(L! Hz> ((K[n])\zu)
Z e(T|z,)

C
ZZQMTZ”) =Cs(0s, L q)
— e(Tz,)

Therefore we conclude

Js c(L)er(S)

Cs(Og, Lyw) = (1 — q)fsC(L)01(Ks) _ (11> s ‘
—4q

In particular, restricting to the lowest degree part in the variables A1, A2, w1, we obtain the following

Corollary.

Corollary 4.3. For S = C?, the following equality holds

(A1+22)

o 1 (A1+A2)
qn/ 1:= —=e PYPER
Z:l [Hilb™ (S)]vir Z e(Ty")

n= ZeHilb™(9)T

4.3. Segre-Verlinde correspondence in positive degrees. Recall that we use the notation
H, ¢ for the series from (3.14)) describing the virtual Nekrasov genus for Quot schemes on C2. For
a smooth projective surface S, a torsion free sheaf E of rank N, and a K-theory class a of rank r,

we apply [Boj21d, Equation (4.1), Theorem 4.1] by setting f(x) = 1 — ze®, g(v) = —-= and get
N c1(Sei(@) , N T e1(S)er(E)
Ns(E,Viq,z) = (H F(Hi)> (H F(Hi)> G(R)2()”,
i=1 i=1

Here R = frgV, F(z) = }c(—g;, the series H;(q) are Newton-Puiseux solutions to

I = qR(H,)),
and G(R) is given by [Boj2Ial Equation (4.24)]. Therefore
Hy (0),0)(a:2 ZlOgF

(4.4) Hp),1),0)(¢,2) = log G(R)

Ho),(0),1)(42 ZlogF

Now let S = C2. Note that Ny satisfies
Ns(yi, - yn; vty ooy ¢,2) = No(yn, - -, yn; ze™ .o ze 5 q, 1)
= Ng(ze™ ... ,ze™N;01, ..., 0050, 1).
Applying Lemma to H,, , ¢ in the variables wy, ..., w, and gives us for r > 0,

_ T
DEH gy e(0,2) = DY Hipy yela.2) = K1Y ( )Hﬂ,w)(q, 2,
lul=k
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while applying in the variables myq, ..., my yields
- N
(4.5) DIZCHM,M(O)(‘LZ) — ND! 1HM7V7(1)(q’ z) = k! Z < >HM7V’§(q7Z).
l§1=k
When the rank r is negative, we consider & = —[V] where V = ®,"; Og(v;), and the same argument
applies. Thus for all r # 0,
_ 7]
(46) D];H(O),I/,E(Qa Z) = |T|Dl,; lH(l),y,f(q’ Z) = k! Z < HMW,S(q’ Z)'
|ul=k

Our goal for this section is to apply Chern and Verlinde limits to (4.5) and (4.6)), together with
the explicit expressions (4.4)), and obtain relations between the Chern and Verlinde series for various
w, v and &.

4.3.1. The Chern limit. For an arbitrary series f(q, z), we define its Chern limit of degree k and
rank r by

tim (2" f ((—1>Nqu—’“<1 ey, J) .

Note that when applied to H,, ¢, the Chern limit of degree k = |u|+ [v|+ |{| — 1 in this sense agrees
with the Chern limit of Lemma [3.71 These limits can be computed using the following analogue of
[GM22| Lemma 4.2].

Lemma 4.4. Suppose f(q,z) = mezo fmng™ 2" such that
rm
mn = (—1 " m
o = 1) ()

for some polynomial py,(x) of degree at most mN + k. The Chern limit of degree k for f is

[e.e]

ti (- (10" (e ) = 2 " (@) )™

Proof. First observe that both sides of the identity are polynomials in 7, so it suffices to prove the
equality for r large enough. We shall assume r > max{N + k,0}, then (T;”) vanishes when n > rm.

Let g(q75) = f ((_1)NqEN_T(1 + E)T7 (1 + E)_1)7 fm(z) = Z:LZO fm,nzn then

[qm]g(%g) — (_1)mem <11+8> (1 +8)rm8mN—rm — ZcismN—i
=0

for some numbers ¢;. Substitute e = 27! — 1 we have

rm

> (1)) ("7 )5 =2

n=0

rm
:(_1)mN Zcizi(l _ Z)rmfi
=0

Therefore
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Since the degree of p,,(x) must be at most mN + k, we can extract the coefficient

N ]y () = (—1)F kel
(Tm)(mNJrk)

and get

ing(-2)*f (<%0 (142 1 ) = 3 (D g™

= S [N (@) (111 (v

4.3.2. The Verlinde limit. For an arbitrary series f(q, z), its Verlinde limit of rank r is

lim f((—l)qurje_l).

e—0

Suppose r > 0 and f(q, z) € Q[z][¢]. Write f(g,2) = >, fm(2), then this limit makes sense
when f,, are polynomials of degree at most rm. In this case, we have for each m > 0,

™) i F((~1)7ge" 1) = (=1)™ ") (2

Now suppose r < 0 and f € Q[g, z]. For each m > 0, the limit extracts the following coefficients
term-wise
[¢™] lim F(=1)7ge" et = (=)™ [T fn(z 7).
E—

4.3.3. Computations. We begin with the case v = (0),£ = (0) and apply the Chern limit of Lemma
to [r|DEH 1) (0),(0)(¢; 2) for k > 0. By [Boj22, Corollary 2], we have

[qm]H 1 — i[tmN—l] —etz(l . etz)rm—l t i )
(1),(0),0) = T

We may extract the 2™ coefficient and get

n_m (_1)n rm —1 mN— n t m
[2"q ]H(l),(O),(O) - n—1 [t 1] ¢ 1—et

- v (e (=) ") ()

By the identity D,(z") = nz", we have

X mN
n_m]mk—1 nT |T‘ mN—1 n t Tm
Irll"™ D" Hy,0),0) = (1" 5 177 (et (1 —*ft) ) <")

Since the right hand side of (4.6)) consists of universal series whose powers have degree k—1, we take
the Chern limit of degree k — 1 via the Lemma by setting pp,(x) = %[tmN—l](em(#)mN).

1—e—t
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Then (4.6) gives us
m |T| ‘r|(rm>(mN+k*1) mN—1,mN-—1 tx 3 N
[q™]k! Zk <M 10g Cyu,(0),(0) (¢, 2) = s e e
=
_ \7“|(7“m)(mzv+k—1)
rm?(mN — 1)!
rl{mr—1
o (g [Ty
m 7| el (mr =1\ (m(r—N)
lq ]Zk <M log G, (0),(0)(q,2) = el (R L1 )
l”' =

Observe that the Verlinde series for a € K1(5) only depends on ¢;(«) by definition. Therefore
the universal series are non-trivial only when p = (1) := (1,...,1) has k copies of 1. Taking the
Verlinde limit, we get

kl|r[*log By, (0),0)(a: 2) = (=)™ r|(|r|m) L[ q™ H gy 0y 0)
_ Irl(rm)*! N 1] ( e N
(

m 1—et)ymN
k k2 ermt
= |’l“| m reSi—o m

where res refers to the residue of a meromorphic function. Let 0 < R < 1. We compute the above
residue by integrating along the rectangular contour formed by the points {£R + im}:

‘ ermt R erm(z+i7r) R eTm(Z*iTF)
211 TreSt—0 W = /;R (1 — e—(z—‘riﬂ'))mN dz — /;R (1 - e-(z—iw))mN dz
(=R+iz)

™ erm(R+iz) ™ erm(—
+ Z/W (1 — e—(B+iz)ymN dz — Z/W (1 — e (-R+iz)ymN dz
The first two integrals cancel each other out because e!™ = e~*". The third integral gives us

T erm(R+i0) Lrm—1
Z/7T (R — e~ (1+i0)ymN df = % (1— z—l)mNdZ

= 2mires,—g 2™V Tz — 1)7mN

:2m<mW+N}_ﬁ.

mr

Similarly, we could show the last integral vanishes. Hence for r # 0, we have

mF=2 (m(r+N) -1
[¢™]10g B(y,(0),(0)(2) k!( mr >

r

Note that H(g) (0),(1) = 5 H(1),(0),(0)- Thus a similar argument using (4.5)) gives us

] 5) log C(0),(0¢(4) = é <nT]7;f — 1> (m(/:— 1 )>’

m N [r|F I Nm*=2 (m(r + N) — 1
[q™] - <€> log B(o),(0).¢(@) = ———— N .
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Alternatively, when r > 0, we can combine (4.5)) and (4.6 and obtain for ki, ko > 1,

% 5 ()0 -T2 ( )E)

|p|=k1 E=k2
N rkzmFitke=2 (i + N) — 1
m log B = — .
lq ]g;@ <£> 0g By, (0),£(a) i ! ( i )

This yields the following Segre-Verlinde relations for terms with v = (0).

Theorem 4.5. For rank r # 0 and n, k > 0, the universal series of Theorem|[3.9 satisfy the following

identities
m |7 lr| (mr—1 m(r — N)
[q"™] § (M log C,..(0),(0)(¢, 2) = N — 1 1)

lul=k
m mF=2 (m(r+ N) -1
[4™]log By, (0),(0) (@) =~ < ( mr) >7
m N r (mr—1\/m(r—N)
[q™] g_:k (5) log C(0),(0).¢(a) = mk(mN N 1) < e 1 )
m N lr|* I Nm*=2 (m(r + N) — 1
[q"] 5|Z—:k <£> log B(0),(0),¢(q) = BN E— N

where (1) = (1,...,1) is the partition with k copies of 1.
When r > 0, we have

g™ Z Z (;) (Z) log C,, (0),¢(q) = w <$]Z:11) (Z(i_l,]l\;) : ;)7

lnl=F1 [€]=k2
m N rkemkitka—2 m(r+ N)—1
[q"™] Z (5) log By, ,(0),¢(7) = k1'k?2'< >

mr

Applying the k = 2 case of the above theorem, we get the following Segre-Verlinde correspondence

Corollary 4.6. The universal series of Theorem[3.9 satisfy the following correspondence

[r]

2
—r,N ™ N (%) [ orN RN LR
(0(1,1>,(o>,<o>(‘J)) (C(2>,<o>,(o>(Q)) = <B<1,1>,<o>,<0)((_1) q>> :

| Ir|

td r+N
—r,N r2 ~—r,N o rN r2 or,N
(Cw),(ox(l,l)@ 0(0)1(0)7(2)@)(2)) —(B<o>,<o>,<1,1>(_q> B<o>,<o>,(2>(‘9)(2)) :

Remark 4.7. As mentioned in the introduction, combining Theorem with Theorem |3.15
yields the corresponding relations for reduced invariants. In particular, Corollary implies a
correspondence in degree 0 for reduced invariants, which could provide insight into the reduced
invariants for K3 surfaces in the compact setting.

5. SEGRE AND VERLINDE INVARIANTS ON C*

Consider X = C* with a (C*)*-action by scaling coordinates

(t17t27t37t4) : (1'1,.%'2,.7;3,.’1]4) - (t1x17t2x37t3x37t4x4)-
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Let To = {(t1,t2,t3,14) : titatzty = 1} C (C*)* be the subtorus which preserves the usual volum?e)
form on X, making X a smooth quasi-projective toric Calabi-Yau 4-fold. As in the surface case, we
also have the two additional tori
Ty = (CHY, Ty=(C)+s

where T1 on CV, and T3 acts on C” x C*, giving us the bundle F = @Y ;Ox (y;) and K-theory class
a = [ 0x (v)] — [, O0x (v7)]. Write

Kr(pt) = Z[tF 5 e i oyl i) (tatatsta — 1),

Hi(pt) = C[A1, A2, Ag, Agsmg, oo ymy; wi, ey Weps) /(A1 4 Ao+ Az + Ag).

By [HTO08, Theorem 4.1] the truncated Atiyah class of the universal subsheaf 7 defines an

obstruction theory
R%omp(l, I)g[_l] - L(.QuotX(E,n)
where RJ7omg = Rg, o R om, (-)o denotes the trace free part. Note that the obstruction theory
is T-equivariant by [Ric21, Theorem B]. The virtual tangent bundle is then
V" = ~RA#omy(Z,T)o € KT(Quoty (F,n)).

5.1. Virtual invariants. When X is a projective Calabi-Yau 4-fold, the virtual fundamental class
involves a choice of orientation on Quoty (E,n). Let £ = detR.#omy(Z,Z) be the determinant line
bundle. An orientation o(L) is a choice of square root of the isomorphism

Q:LRL— OQuotX(E,n)

induced by Serre duality. From this Borisov—Joyce [BJ15] constructed virtual class [Quot yx (E, n)]o( o) €
Houn(Quot y (E,n),7Z). For v € H*N(Quot (E,n)), the Donaldson-Thomas invariants [CLI4] are

defined to be
D) = | o
[Quot x (E,n)]¥1"

o(L)
For the non-compact X = C?*, similar to the surface case, we have that the T-fixed locus of
Hilb"(X) consists of only finitely many reduced points [CK17, Lemma 3.6], so we can define these
invariants equivariantly using Oh-Thomas’ localization formula [OT20, Theorem 7.1].

Definition 5.1. For n > 0, v € H¥(Quotx (E,n)), the Donaldson-Thomas invariants are

o Yz
DT4(X7 Eﬂ%')/) = Z (_1) (£lz) \/é(fT‘ViT‘ )
ZeQuot x (E,n)T z

where 1/e() is the equivariant version of the Edidin-Graham square root Euler class [EG95a].

Note that this definition depends on a choice of signs at each fixed point Z, which we denote
(—1)°0)lz, We shall see the virtual tangent bundle at Z is self-dual and admits some square root

VTV 7z € K1(pt) such that

TVir‘Z — \/TVir’Z + \/Tvir’Z,

where () denotes the involution #; — t; ! 'We then have

Ve(T™|z) = e <ﬂ> )

where the sign depends on a choice of orientation, which can be absorbed into the choice of signs
(—=1)°@)lz,
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Definition 5.2. Let X = C*, oo = [®]_, Ox (v5)] — [®]27,  Ox (v5)] € K1(X), and E = N, Ox (y:).
The equivariant Segre and Chern series for a choice of signs o(L) are respectively

QIP
x(F, a;q) q (—1)°Llz s(a .Z
Z—: ZeQw%(E,n)T e (\/ TV“|Z)

C()\l,)\Q,)\g,)\zl;ml, cee, MNTWL, ... ,wH_S)[ ]
M+ X+ A3+ \)

) 4)
(B, a;q) q (_1)0(£)|Zc(a7.'
z=: ZeQm%(E,n)T e (\/ TV“"|Z>

To define the Verlinde number, we first consider the untwisted virtual structure sheaf

)

(51) Ovir — @Vir ® det%((E\/)[n])

where OV is the (twisted) virtual structure sheaf of [OT20, Definition 5.9]. For compact X and
a € K°(X), the Verlinde series is defined in [Boj21al Section 1.3] by

x(F,a;q) Zq" vir (QuotX(E,n),det(a[”]))

= Z "R <QuotX(E,n),det(a[”]) ® det%((EV)["])> )

Using the virtual Riemann-Roch formula and equivariant localization of Oh-Thomas [OT20,

Theorem 6.1, Theorem 7.3], we have the following equivariant virtual Euler characteristic for
X =C*%

Avlr(QuotX(E n) ) Z (_1)0(£)‘Ze (_ /Tvir‘Z> \/E(Tvir|z) ChT(Oé)

ZeQuot x (E,n)T

where v/td is the the square-root Todd class satisfying

V(T |) = td (\/IT|Z> ch (deté\/@v)
_ (ﬂ) ch (\/K7V2> :
ch (A1y/T],")

Here we denote
K = det(TV")Y,  VEYT = detVTVE

Substituting into the above equation, we have

1
ch <\/ Kvir‘Z2>
XVir(QHOtX(E7 n)> O{) = Z (_1)0(£)|Z ; V;
ZeQuotx (Eyn)T ch (A—I\/ V| g )

ch(al™|z).
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Definition 5.3. The equivariant Verlinde series for a choice of signs o(L) is

1
ch <\/Kvir\zg> ch (det%((EV)[nuz))
v (E, a;q) Zq > (—peel —
=0 ZeQuoty (E,n)T ch (AflvTV“|Z )
Q(tlat27t37t4;y17 - YN UL, .- 7UT+S)
S .
(titatsts) l4]

The relation between Segre and Verlinde numbers in the compact case is studied in [Boj21a] using
the Nekrasov genus for Hilbert schemes, introduced for the 3-fold case by [NO14]. We consider the
following Quot scheme version from [NPI19]

(5:2)  Nx(E,a5q): Zq Y (ol ch(y/ETz7) ch(A ! [n1|>

- Vv
=0 ZeQuoty (E,n)T ch(A_1/TV"[2 ) det?

Remark 5.4. Recall in [CKM22], the Nekrasov genus for Hilbert schemes involves a variable y
coming from a trivial C*-action on X. This is exactly the NV = 1 case for the above definition, where
we have the parameter y; from the Ti-action on FE.

ch (det(a["] |Z))

5.2. Vertex formalism. The invariants in the previous section can be calculated for Hilbert schemes
using a vertex formalism developed by [CK20], based on the method introduced in [MNOPO06a]
for Calabi-Yau 3-folds. We generalize this to Quot schemes using the computations from [Boj21a),
Section 2.1]. First when N = 1, the T-fixed points of Hilb"(X) correspond to monomial ideals of
Clz1, x2, x3, 4] [CK17, Lemma 3.1], which are labeled by solid partitions 7 of size n where
Oy = Clzy, x2, w3, 4] /17, = span{zlabasz?d : (a,b,c,d) € 7}.

We denote (), the character of Oz
Zlty byt 1

(titatsts — 1)

Qr= Y "t € Ki(pt) =

(17]7k7l)e7r
Similar to the surface case, for F = @i]\il(’)x (yi), the T-fixed points for Quoty (F,n) are labeled by
N-colored solid partitions m = (77(1), . ,W(”)) of size n, i.e. sequences of form
Zx = ([21],[Z2],...,[ZnN]) € Hilb"(X) x - -+ x Hilb"V (X)

such that each Z; corresponds by solid partition (@,
Let @; be the character of Oz,. The virtual tangent bundle at Z is

N N
Ty =Ext | @ Iz, (i), B Iz, ()
i=1 j=1

0

o

=

I
.MZ

Ox @ (1= P(Iz,)P(Iz,))y; 'y
1

.

5J

I
.MZ

(Q; + tatatstaQ; — trtatsts PragaQiQ;) i 'y;
1

.

5J

where P(I) is the Poincaré polynomial of I defined analogously to ) from previous section,
and Py = [[,c.,(1 —1t; 1) for any set of indices I. Specializing t1t2t3t4 = 1 we get the following
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(non-unique) square root

\/T‘”r Z — P123QiQ;) v

,j=1
The reason for the above choice of square root is so that

ch <\/KTT|Z,r2> =ch Hdet((Qj — P123Q;Q)y; ')
i,

= ch | [ det?(@)yiy; )

2

D=

)

- 1
ch (det (B¥)]7,))

matches our twist in (5.1)), and this simplifies our computation as now we have

% (B, 0;q) = quw\ 1)o(O)lz __ch(det(al|z,))

b (A_lmv)

The fiber of V1" = 692:1(’)[)?] (vi) over Zp = (Z1,...Zn) is the rn-dimensional representation

v, = @ @ Oz, (viy;) Z Z Z viyty “ty 't t 4 | € Kr(pt).

i=1 j=1 i=1 j= l(abcd)eﬂ-(j)

Therefore for any point Z corresponding to an N-colored solid partition w, we have

N T
V[n”Zw) :H H H(1+wi+mj_a)\1_b)\2—C/\3—d)\4)
3=1 (a,b,e,d)ent) i=1

N r
det(VP ) =T TI [lvitr“"t "
J=1 (a,b,c,d)er() i=1
1 N
. 2 A_ a b c d
enty/0orlz, e (24w, ) - ISV EEE
et

=1 (a,b,c,d)en(d)

" 1 L _a b _¢c _d 1 _1 a b cd
11 (yzvftl Pty Pty 7ty P~y 2t12t22t§t42) :

i=1
Using these expressions, we see the Chern and Verlinde series can be extracted by taking limits of
the Nekrasov genus, similar to the surface case. Also, it follows that

1101 1

Q(t2,t2,t2,¢2 +1 £ +1 +1

(1 27%3 4)|I 127-”7yN 7,01 .. UT’2]]

(titatsty — 1)
The argument of [CKM22| Proposition 1.13, 1.15] can be applied to show that Nx(F,V;q) in fact

. . +1 +1 +1 il
lives in %[{q, (T TN 2]. This enables us to talk about admissibility (up

to specializing t1tatsty = 1) in the sense of Deﬁmtlon

NX(E,V7Q) €
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Remark 5.5. As n increases, the number of choices for signs (—1)0(5) increases exponentially with
the number of fixed points. However, it has been observed in previous studies of the equivariant
invariants that statements analogues to the non-equivariant cases hold for some canonical choice
of signs [CK17, INek20]. This choice of signs is conjectured to be unique in for instance [CKI17,
Conjecture 3.21] and [CKM22, Conjecture 0.5]. In [Mon22|, S. Monavari described a canonical signs
compatible to the above choice of square roots as follows: for any solid partition m,

o(L)|z, = |m| + #{(i, 4,k ) emri=j=k <}

and for any N-colored solid partition m,

N
o(L)lz, = olL)lz.

This is the choice of signs that we used in our SageMath program when checking our conjectures.

5.3. Factor of c3(X). In the surface case, we saw the powers in the universal series of virtual
invariants are multiples of c1(S). In the X = C* case, we shall show that if the universal expressions
exist, then they are multiples of c3(X) by showing show that

(e

has c3(X) = —(A1 + A2)(A1 + A3) (A2 + A3) in its numerator. This factor of ¢3(X) and the weak
Segre-Verlinde correspondence in the surface case shall motivate Conjecture [1.16
It suffices to show that this term vanishes when we set \; = —\; for i # j in {1,2,3}. By
symmetry, we may assume ¢ = 1, j = 2. Recall e is the top equivariant Chern class, which vanishes
when A\; = —\g if —/TVI"|;_ has a T-fixed summand when ¢; = t;l, i.e. the character of \/TVr|z_
in K1 (pt) having a strictly negative constant term. This occurs if and only if the image of Tgf in
Z[ti‘zl’téﬂ7t§tlat§1ﬂ]/(tlt2 - 1,75?>t4 - 1)

has a strictly negative constant term (which is necessarily a negative even integer). From ([5.3)), we
see it suffices to show this for the term

Qr + t1tatstsQr — t1totsts P1231Q-Qx
whenever 7 is a non-trivial solid partition.
Lemma 5.6. For any non-trivial solid partition 7, the expression
Qr + t1tot3taQr — t1t2t3t4 P1234QrQr
has a strictly negative constant term when viewed in the quotient ring
ZiE a6 (tate — 1, tats — 1).
Proof. Let x =t = %, y=1t3 = i, so that
ZIEE A e (tate — 1,3ty — 1) = Z[aE ).
Let P, be the image of Q, in Z[zT!,y*1], then
. — — 1 1
(5.4) Tz, = Pr+ Pr = PrPr(1 - 2)(1 = —)(1 —y)(1 - 5)-
Write

Pr= Y piz'y.
ijez
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The image of Q is then

JE Z pijrly

i€

We see the constant terms of P, and P, are both Po,0- By definition, all monomial terms in Qx
have positive coefficients, and )r has constant term 1, so pg,o > 0. We need to find the constant
term of PrPr(1—z)(1—2)(1—y)(1 - %)

Observe that

(1—:;;)(1—1)(1— )(1—;):4—2<x+y+i+;>+<xy+x1y+“;+z>.

Write F = mexiyj, the constant term of F - (1 —x)(1 — %)(1 —y)(1— i) is equal to
(5.5) dfoo —2(for+ fro+ fo—1+ f-10) + (fra+ fi—1+ for1+ fo1,-1).
If we set F' = P, P,, then

fii = PapPed-

a—Cc=1
b—d=j
In particular,
2
foo = Z Pap
a,beZ
for+ fro+ fo1+ f10= D Pap(Pa1b+Pat1b+ Pap-1+ Dabi1),
a,beZ
fir+fiaa+fai+faa= Z Pab(Pat1,b+1 T Pat1,b—1 + Da—1,—-1 + Pa—1,p+1)-
a,be’Z
Denote
Sab = 4pa,b - 2(pa—1,b + Pa+1,p + Pab—1 + pa,b+1)§
+ (Pat1,b+1 + Pat1,b—1 + Pa—1,b—1 + Pa—1,+1),
2_2— = Pab — (pa+1,b +pa,b+1) +Pa+1,b+1,
s. b = — (Pat1,p + Pap—1) + Pat1,b—1
= Pa,b — (pa—l,b +pa,b+1) +pa—1,b+17
8; — (Pa=1,p + Pap—1) + Pa—1,b—1;
o ++ — +— —
S = Z PabSqp + Pa+1,65,41p +pa,b+13a’b+1 +pa+1,b+13a+1,b+17
a,b>0
e _ +— — ++ —
S = Z PabSqp + Pa+1,65,41p + Pap—154p1 + DPa+1,-15,41 p—1>
a>0,b<0
—+ _ —+ ++ — 4
S = Z PabS,p + Pa+1,65,11p + Pa,p+154 p11 + Da+1,0+15441 p+1>
a<0,b>0
—_ — 4 —+ ++
S = Z PabS,p + Pa+1,65441p +pa,b+13a’b+1 +pa+1,b+15a+17b+1-

a,b<0
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Then ((5.5)) becomes

_ ++ +-— —+ ——
Z PabSap = Z Pap - (Sa,b + Sa,b + Sa,b + Sa,b )
a,beZ a,beZ

=Stt 48T ST 5.
For the remainder of this proof, we shall show ST > pg . The same will hold for the summands

ST=,57%, S~ by symmetry. We conclude the value of (5.5) is at least 4pg . Hence by (5.4) the
constant term of TV"|z_ is at most —2pgo < 0, and we are done.

Recall o
Qr= Y tithisth,
(Zh]?k?l)eﬂ

P, = Z 27 IyFt and
(3,9,k,)em
Pap = #{(i,j, k) em:i—j=ak—1=0}

Fix k and [, then the set {(i,7) : (¢,4,k,l) € w} is a plane partition. By property of solid
partitions, for fixed b = k — [, we have p,, > psy1p when a > 0. For the same reason, we have
Pab > Pap+1 when b > 0. Therefore the numbers (pyp)qp>0 are non-increasing as the pair (a, b)
move away from the origin.

We apply induction on max{a : pq0 # 0}. Suppose for all sequences (g, ;) with max{a : g, 0 #
0} < max{a : ps0 # 0}, we have

SO

ST (qap) = qo,0
whenever the sequence (¢qp)q,b>0 satisfies g, 5 is non-increasing in a, b. The base case is simply when
qa,p = 0 for all a,b, which sums to 0. Let g4 = po+y1,, then

S++(pa7b) = Z (pa,b — Pa+1,b — Pap+1 + pa+1,b+1)2
a,b>0
=S4 (qap) + Y _(Pop — Pro — Popt1 + P1p41)’
b>0

>p1o+ Z(po,b — P1,p — Pob+1 + p1,b+1)2
b>0
where the first equality follows from the definition and the inequality is by induction hypothesis.
Now apply another induction on the value of max{b: pgy # 0}. The induction hypothesis is that
for any sequences (gqp) With g, non-increasing in a,b and max{b : go # 0} < max{b : pop # 0},
we have
Z(QO,b —q1p— Qopi1 + @pr1)? > 900 — q10-
b>0
Again, the base case is trivial, and we can apply the hypothesis to ¢, 5 = pap+1, giving us

Z(Po,b —P1b = Pops1 +Pros1)’ > poi — i
b>1
So we have the following inequalities
(P00 — P10 — o1 +P11)* + D _(Pop — Pro — Pop+1 + Pre+1)” — (Poo — P1o)
b>1

>(po.o — pro — po1 +p1.1)° — (poo — Pro — Po1 + pi1)
>0
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where the last inequality is due to pgo — p1,0 — po,1 + p1,1 being an integer. Therefore

> (Pos — 1y — Popr1 + P1o+1)” = Poo — Pros
b>0

finishing the second induction. By (5.6)),

St (pap) > p1,0 + (Poo — P1,0) = Po.o,

which finishes the first induction and the proof.
O

5.4. Cohomological limits. Recall the proof of Theorem mainly involved showing that the
genus [g is admissible in the sense of Definition 2.6l Also, by Proposition universal series
expressions for the Nekrasov genus, and therefore the Segre and Verlinde series, can be obtained
if and only if the Nekrasov genus is admissible. Thus one might ask when the Nekrasov genus is
admissible. For rank » = N case, we shall show that admissibility is a consequence of the following
explicit formula conjectured by Nekrasov-Piazzalunga [NP19l Section 2.5]. Denote
[x] = x3 — 373,

Conjecture 5.7 (Nekrasov-Piazzalunga). There exists some choice of signs o(L) such that for
E=00x(y), V=a},0x(v),

L) = Exp | [rf2l[t2ts][tits] - [s]
M“E"”‘Ep<wmmwwnp%m;d>

with a change of variable s = Hfil Yivi .

Proposition 5.8. Nekrasov-Piazzalunga’s Conjecture implies Nekrasov’s genus of Nx for rank
r = N is admissible with respect to the variables ti,to,t3,14.

Proof. Expand the term inside the plethystic exponential, specializing with the relation titot5ts = 1,

we have [t1to][tats][t13][s] (T —=t1ta)(1 — tatz) (1 — t1t3) . [s]

ta]ftaltslftalls7qlfs~2q) (1= 0L = t2)(1 = t3)(1 —ta) [s3q][s~3¢]
Recall Definition we have

L=(1—tita)(1 — tots)(1 — tit3) 5]

[s74][s24]

. Lo +3 +1 1 +1 . C
is a series in q,y; *,...,yn>,v; °,...,vr ° Whose coefficients are polynomials in tq,%2,%3,%4, as

required. O

Lastly, we prove the claim made in the introduction that Conjecture [I.17]is a consequence of
Conjecture in the X = C* case.

Proposition 5.9. Let X = C*. If Conjecture holds for some choice of signs, then Conjecture
holds for Y = X for some choice of signs.
In addition, Conjecture implies the following Donaldson-Thomas integral:

1

00 n 1 .= n (_1)0(£)|27
nzoq /[Quot@(ﬂn) a 2 er (y/137)

[e.9]

o(£) n= ZeQuotx (E,n)T

A1A2A3(A1+A2+A3) q, when N =1

{ (A1 +22)(A1+A3)(Aa+A3)
e

1, otherwise.
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Remark 5.10. One can compare this to the 3-fold case where [FMR21, Theorem 7.2] states

_ N Q1+A2) A1 +23)(Aa+A3)

S / 1= M((~1)¥g)
n—0 [Quota (E,n)]vir

Here M denotes the MacMahon function.

Proof. We shall compute the following limit using both the definition and the expression from
Conjecture then compare the two sides:

liH(l) Nx (E, V; Q)

WN

W —00 AireN;,mi~e(14my) wi~ew;

Let V = @Y ,0Ox(v;) be a rank N bundle, then for any Z, € Quoty (E,n)T, we have

1
chr(vVEKV"|z,*) cht <A—1 V[n]‘Z >
chr(A_1 /T4 ") det? i

—Nn—Nn eT(V[n} |Z7r) + 0(5)

N eT (@) + O(e)

Hij\il vazl H(a,b&d)eﬂ(j) (1+w; + mj; + aXy + b2 + cA3z + d\y) 4+ O(e)

ﬁ(VE§)+O@)

Take limit € — 0 and let Q = myq, then

iy VT (A, )
=0 chr (A1 /TVE|z, ) 2
| J A Hj’vﬂ o eayernr (I +wi+mj —aly — by — cAg — ds) Q"
(/i
_Hi\;_ll vazl H(a,b,c,d)Eﬂ(j) (1 +w; +my; — aA1 — bA — cAs — d)\4)
(/)

(Hmj_ah_bkz_ds_cw)m
WN wyN WN WN wWN

Aie; my~e(14my),wi~ew;

AieN; mi~e(14mg),wi~ew;

1
et2

N
11
=1

Now take wy — oo and substitute into Definition Let V! = GB?SIOX@Q, then

ab,c,d)en(d)

(5.7) gl_rf(l) Nx <Ea Vi wQ> =Cx(E, V" Q).

N

W —00 )\iwa/\i,miwe(1+mi),wiwawi

On the other hand, we apply the same procedure to

NX(EaV§CI)IEXp<[t1t2Ht2t3][t1t3] : [s] : )

[t1]fta][ta]lta] [s2q][s~24]
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For n > 1, we have

L el (TTypof!
=

wi{__)?oo [tgn] [tg] [tg] [tZ] [H yf Q}? q”] [H Y; v, 2 q”] AireN;,mi~e(14+my),wi~ew;

7

(672)3()\1 + )\2)()\1 + )\3)()\2 + )\3) + 0(55) . (5n) Zz(l +m; + w,’) + 0(5)

— K
0 (en)* A A2A3(A1 + Aa + A3) + O(e9) (g2 —q2)2
wpN—00
— lim O‘l + )\2)(/\1 + )\3)()\2 + )\3) ) Zl(l + m; + wz)(%)n
wn—00  ApA2A3(A1 + A2 + A3) (1— (-2 )n)2

wN

when n =1

(A1+22)A1+A3)(A2+A3) Q
— A A2A3(A1+A2+A3) )

0, otherwise.

Together with (5.7)), we have

(/\1+/\2)(>\1+>\3)(A2+/\3)Q
Cx(F, % Q) =e 1222301+ A2F33)

= exp (Q/XC?)(X)) :

This is exactly Conjecture [1.1
With the same method, we can take limits

lim Ny <E 1% >
e—0 WNWN—-1 .. - WN—j+1
wN—0Q

for 1 <4< N and V of rank N — 4, and get

In particular, when ¢ = N and N > 1, we have

[AJLT21]
[Arb21]
[BF98]
[BJ15]

[Boj21a]
[Boj21b]

[Boj22]
[CFKO09)]

[CK17]

yoQ" / 1=1.
— [Quotea (E,n)]

vir
n=0 o(L)
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